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A Panorama of Electrical Conduction Models in
Dielectrics, with Application to Spacecraft Charging
Philippe Molinié

Abstract— Conduction models in disordered materials are
described, with a special focus on the transient behavior
appearing on a broad timescale as a consequence of disorder.
Multiple trapping models, hopping models, or random walks
coupled with waiting time distributions are commonly used to
describe charge transport in semiconductors. Important concepts
have been introduced in this field, as demarcation energy,
percolation, or transport energy. Dispersive transport appears as
a consequence of the disorder, together with a memory effect,
that may be described using various mathematical tools. The
interest of this research field concerning charging behavior of
materials used in spacecraft applications, especially polymers, is
underlined.

consequence of this is a delayed response which may have a
very long tail, usually following slowly decreasing time power
laws. This dynamical process appears clearly in the wellknown delayed radiation-induced conductivity (DRIC) but is
also intervening during the irradiation, sometimes producing a
complex time response of the induced potentials [4].

Keywords— Charge transport, delayed radiation-induced
conductivity, charge trapping, dispersive transport

Dielectrics commonly used for electrical or thermal
insulation purposes are highly disordered materials. A high
level of disorder is indeed a prerequisite in electrical insulation
to prevent avalanche ionization mechanisms at high fields.
Hence polymers or polycrystalline materials have been
empirically selected to incorporate this property.

I.

In this review, the focus will hence be put on the specific
features of the time dependence of charge transport in
disordered materials.

II.

INTRODUCTION

When subjected to a charge, the behavior of electrical
insulating materials – especially polymers - is complex and
dynamic, and it evolves with time. On the long term,
progressive radiation damage and chemical ageing will occur,
but even on a pristine material, a complex time evolution of the
conductivity is observed, due to the charge transport process
itself. Conductivity values (either dark or radiation-induced)
may change with time by several orders of magnitude, even
without any change in the environment. These transient
behaviors, on a very broad time scale, react in a complex way
to the charging evolving environments that may be
encountered in space [1]. The prerequisite to build realistic
models of insulator charging is to have a good knowledge of
the physical processes involved in the material.

CONDUCTION MODELS IN DISORDERED MATERIALS

The model of energy bands, coming from classical
crystalline solid-state physics, is not really effective concerning
these materials. Charge spends most of the time in trapping
levels, and the description of its movement, involving or not
delocalized levels, needs specific tools. They have been widely
developed these last decades due to an important research
effort on charge transport in amorphous and organic
semiconducting materials, supported by the industrial needs of
imagery, opto- or flexible electronics [5].

A. Multiple Trapping Models (MT)
These models are built assuming that charge transport
occurs through delocalized transport states. They might
correspond to the conduction band, or to states above a given
mobility edge near this band. Within this theoretical frame,
direct hopping from one trap to another is not allowed.

The charging models used by the space community as
NUMIT [2] or SPIS [3] software may be more and more
sophisticated, but to our knowledge they do not integrate the
time dependence of insulating materials parameters. Only
space charge and field effects on conductivity are considered.

Trapping and detrapping processes are separate interactions
with transport states (Fig.1). They are described by (1), linking
the trapped electron density
at the energy W to the free
charge carrier density n and to the density of trapping states
Nt(W),
being the attempt-to-escape frequency linked to
phonon interaction:

Charge mobility is however deeply linked to its interaction
with the material, and it is therefore natural that it should be
strongly depending on chain vibrations and relaxations, which
themselves have their own time constants, which are broadly
distributed. In a disordered material, charge spends most of its
time in localized levels, and the relaxation process, which may
be field-assisted, is hence above all time-depending. The
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The charge capture rate is proportional to the density of
free traps, while its release is strongly energy depending. Traps
energetically close to transport levels continuously exchange
charges with them, but energetically deep traps cannot reach
thermal equilibrium before a long time has elapsed, so that
charge keeps accumulating in these levels. It is useful to
introduce a special energy level, called demarcation energy, to
delimit these shallow and deep states. At this energy, the
trapped charge release time constant is equal to the time
elapsed since the beginning of the experiment [6]. It is given
by:
(

The i trap occupation increases through charge capture
from its j neighbor traps and decreases by emission in their
direction. To evaluate the probabilities of these hopping events,
depending on the traps distribution in space and energy, the
Miller-Abrahams equation [7] is often used:
(
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(4)

This equation expresses the hopping probability from i trap
of energy to a j trap of energy at a distance . The first
term describes the tunneling probability, which decreases
exponentially with the distance. The second term decreases
exponentially with energy barrier height for hopping towards
higher energy levels while it is equal to one for downwards
hopping.

(2)

Using the demarcation energy, the multiple trapping
problem may be simplified, by associating at a given instant
the deep traps with transport levels, while deep trapping is
considered as irreversible. For a given time scale, the
demarcation energy level determinates charge transport
properties, as mobility. The consequences of this will be
exposed in section III.

More sophisticated models have been developed to
incorporate the dynamical interactions between adjacent
trapping levels (polaronic effects) [8]. Taking (4) as a starting
point, it is clear from the dissymmetry of the equation that the
effects of positional and energetical disorder will be different.
2) Nearest Neighbor Hopping
Positional disorder will determine charge transport (Rhopping) when the thermal energy is high compared to the
jumps characteristic activation energies. In this case, distance is
the main factor limiting the transport, and most probable jumps
are between nearest neighbors (NNH = Nearest Neighbor
Hopping). If the positional disorder is important, a large
dispersion of the waiting times will be induced, and the
calculation of the mean charge drift cannot be performed using
their mean value. An elegant treatment of this problem can be
done using 3D percolation theory, as shown Fig. 2.

Fig. 1. Multiple trapping model [5]

B. Hopping Models
1) Local equations
Considering disordered high gap insulating materials, with
traps distributed on a wide energy range, or semiconductors at
low temperature, the probability of charge emission from these
levels to transport states is close to zero. Direct trap-to-trap
hopping has to be assumed to account for observed transport
properties [5]. This phenomenon may be described by
probability theory using a master equation as follows:

∑

[

]

∑

[

]

Fig. 2. Percolation path for NNH [5]

Determining the percolation path of the charge carriers
requires finding the minimum distance Rc below which it is
impossible to build a path without any jump larger than this
distance. Following this percolation path, the transit time will
then be determined by the waiting time corresponding to the
longest jump only (i.e. to the distance Rc), because, due to the
strong discrimination introduced by the exponential function, it

(3)
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This transport energy concept is fundamental, since it
allows considering multiple trapping models for large gap
insulators, for which it was unlikely that conduction levels may
be reached by thermally assisted detrapping. By replacing them
by the transport energy, the plausibility of these models is
reinforced.

will be much larger than the sum of the waiting times
corresponding to all the other (shorter) jumps.
3) Variable range hopping and transport energy
When the disorder in energy is no more negligible, both
terms of the Miller-Abrahams equation have to be taken into
account, thus generating a 4D percolation problem. The most
probable jumps do not occur between closest neighboring sites,
but result from a compromise between distance in space and
energy barrier height. Mott [9] developed the first model
involving this Variable Range Hopping (VRH) process, at the
vicinity of the semiconductor Fermi level, assuming that the
density of states was constant. However, the most frequent case
concerning disordered semiconductors or insulators is a trap
distribution “tail” whose density decreases quickly when
moving towards the deepest energy levels, e.g. Gaussian or
exponential distributions, which are the most frequently
considered.

C. Continuous Time Random Walk
The mobility concept was introduced by Drude in 1900, as
a consequence of the kinetic theory of gases. It assumes that
charges interact with the outside medium through collisions.
They are thus animated with Brownian motion, and the
Einstein and Langevin diffusion models may be used.
Applying an electrical field, charge drift and mobility may be
computed. Quantum solid state physics adapted this theoretical
frame, replacing molecular collisions by interaction with
phonons. However, concerning disordered materials, the
charge drift is interrupted by a series of trapping events, with a
broad distribution in relaxation times. Continuous Time
Random Walk models (CTRW) have been developed to
incorporate into Brownian motion models this multiple
trapping / release phenomenon, by introducing a statistical
distribution of the waiting times function. This description of
charge transport had been introduced by Montroll [12] in 1965,
but its interest has been fully recognized when the fundamental
concepts of dispersive transport were developed in a series of
papers by Scher several years later [13]. We will expose them
in the next section. Since then, numerous works explored the
various consequences and applications of this description based
on random walk with a broad distribution of waiting times.
The mathematical link between CTRW and multiple
trapping models was independently established by Noolandi
[14] and Schmidlin [15]. For a given trap distribution in
energy, the waiting time distribution function may be
computed. An exponential distribution of the trapping energies,
with a characteristic energy Wt implies a waiting time
distribution:
(

(

, with

⁄

.

(5)

CTRW formalism is however more general than MT.

Fig. 3. Transport energy [5]

III.

DISPERSIVE TRANSPORT

A. Description
The basic experiment to study charge transport is the timeof-flight experiment. Charges are induced near the insulator
surface (usually by the means of a short light pulse), so that a
sharp charge distribution is injected into the bulk. The closedcircuit setup, designed to measure the current induced by this
moving charge, is represented Fig. 4. The measurement might
also be performed in open-circuit (voltage decay
measurement). Concerning the small signal case (when the
field may be assumed to be constant), both cases are
equivalent.

An important result, first observed as a result of MonteCarlo simulations [10] and then established analytically [11], is
the special role played by an optimal energy level, located in
the lowest part of the DOS, which operates the best
compromise between the energy accessibility and a sufficient
density to avoid a prohibitive distance between sites, for all the
jumps from lowest energy levels, whatever they are. This level,
named transport energy, is represented Fig. 3: the charge
distribution, which is initially proportional to the density of
states, relaxes quickly towards the transport energy, before
evolving mostly by exchanges between the various deeper
levels and this energy. Its value may be computed from the
parameters of the DOS. [5].
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Introducing space charge effects leads to the limiting case
of space-charge-limited current in the first case, and to the
voltage decay without surface retention in the second.

time distribution is therefore a time power law, corresponding
to the equation (5), while for Gaussian transport, distribution
function may be characterized by a time constant (e.g. it is an
exponential).
The notion of self-similarity linked with time power laws
may appear on time-of-flight currents, as may be seen Fig. 6.
For various experimental applied fields, curves superimpose
when time is reduced to the transit time. These curves are
different from what could be due to Gaussian transport. An
equivalent transit time value may be deduced from the bend in
the response curve, but no mobility value may be extracted
from it, since the obtained values depend on sample thickness.
(
Assuming a waiting time distribution (
, it is
possible to explain the result described by Fig. 6, for the small
signal case. Calculation of the slopes of the asymptotes in the
logI=f(logt) diagram leads to -1+α and -1-α, the sum of the
two values being -2 [13]. Arkhipov [16] used the
approximation of strong non equilibrium transport and the
concept of demarcation energy to solve the dispersive transport
problem including space charge, as in the case of voltage decay
with partial or total injection. Increasing the injection rate, the
transition delay between the two parts of the curve extends. For
a complete injection, the second asymptote totally disappears.

Fig. 4. Time-of-flight experiment [13]

In the most general case, charge transport is a combination
of an evolution in space with a thermodynamical relaxation. In
some cases, this relaxation leads the system towards a
dynamical equilibrium, but in other situations, it takes place
during the experiment time scale and plays a decisive role on
the observables. In this case, transport is dispersive. An
illustration of the Gaussian and dispersive transport modes
during the time-of-flight experiment is illustrated Fig. 5.

𝐼/𝐼0~

(1

𝐼/𝐼0~

(1+

Fig. 6. Time-of-flght current [13]

Fig. 5. Gaussian and dispersive transport [5]

B. Theory
The detailed theory of this phenomenon has been initially
developed by Scher and Montroll, using a CTRW frame [13].
Large trap energy dispersion would produce the same result
within the MT frame.

C. Mobility and statistical aspects of dispersive transport
Mobility is a statistical concept, based on the calculation of
the mean effect of the collisions with the outside medium.
Trapping effects may be incorporated in the mobility by
considering a drift (effective) mobility. Using the mean time
spent in traps
and the time spent in transport levels ,
effective mobility may be written:

When transport is fully dispersive, no characteristic scale
may be defined for the charge relaxation time. The waiting

(6)
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IV.
In disordered materials, time spent in transport levels may
be neglected, and charge transit time on a given distance may
be viewed as the sum of a waiting time series, a random
variable associated with waiting time distribution introduced
in the CTRW frame. According to the Central Limit Theorem,
for a large number of terms, this series should converge to a
Gaussian distribution, independently of the shape of . This is
the statistical basis of the mobility calculation. Neglecting
space charge effects, a charge packet moving in an external
field tends to distribute, after a sufficient number of trapping/
detrapping events, following a spatial Gaussian distribution.
However, the CLT validity – and hence the pertinence of the
mobility concept - is linked to the existence of the first moment
of , which is a mean charge trapping time.

THE MEMORY EFFECT OF INSULATORS

A. Markovian or not Markovian ?
The hopping process described in general by equation (3) is
assumed to be Markovian. The equation is depending on the
present state of charge positions, and of jump probabilities.
Taking into account the past is not necessary to predict the
future described by this equation.
However, it may be shown [18] that introducing a
distribution of the waiting times changes this equation, leading
to a “generalized master equation”, which is as follows:
∫

(

[

(∑

]

∑

[

])
(7)

Considering the distribution (5) implying a time power law,
the mean charge transit time does not exist. A generalization of
the CTL theorem has been introduced for this kind of
distributions by Levy and Kolmogorov, who showed that the
sum of random variables with power law tail distributions as
(5) will converge to a « Levy-stable » distribution function
with the same asymptotic behavior. Dispersive transport is the
consequence of this statistical behavior. Its basic property is
that the ratio of the variance to the mean value of the charge
transport process converges to zero for normal transport, while
it tends toward a constant for dispersive transport. The selfsimilarity is a consequence of this [17].

( is a relaxation function, linked to the waiting time
distribution function .
For a normal transport process, described by a given time
constant for the hopping process ( (
), relaxation is
reduced to a Dirac:
( . (7) is therefore reduced to the
Markov process described by (3).
For a dispersive transport process described by
(
, ( also follows a time power law. The
(
convolution relationship in the generalized master equation (7)
introduces a memory effect. Hopping is not a Markov process
anymore.

D. Transitions from dispersive to non-dispersive transport
Dispersive transport may be viewed as a strongly non
equilibrium state of the insulator during the duration of the
experiment. It does not necessarily imply a power law
distribution as in (5), since charge evolving in a broad
Gaussian distribution will induce the same kind of behavior if
the relaxation time involved to reach the conditions assumed
by the CLT is large compared to the time of experiment, or to
the transit time. On the other hand, it is difficult to imagine that
a physical process may follow the power law described by (5)
without any limitation. For instance, the approximation done in
equation (1) where recombination by opposite polarity charges
is neglected may be pertinent for shallow and medium energy
trapping levels but not for deep levels, for which
recombination may be more likely than detrapping. Using a
truncation of the distribution times is then necessary. That
implies that the CLT in the long run also applies for this kind
of distribution.

B. Universality of the memory effect
The convolution relationship introduced by (7) describes a
quite common delayed behavior, which may be found in a
wide variety of systems, as for instance solar flares eruptions
[19]. Concerning materials, it may describe the viscoelastic
behavior of polymers as well as dielectric relaxation at low
frequency [20].
The common feature of these systems is broad distribution
of their properties in time. This usually reflects an internal
fractal structure, linked to the material or to the process itself.
Models may be developed to establish the link between the
fractal dimension and the alpha exponent [17].

C. Mathematical tools
The traditional treatment of the memory effect described by
a convolution relationship as in (7) requires the use of Laplace
transforms. Since the beginning of the century, an old
mathematical concept (initially due to Leibniz) has been
developed to provide a new tool to write the transport
equations: the fractional derivative, which is a generalization
of the first, second, third... orders of the traditional derivative
to real numbers. Several approaches and formula exist, one of
them being due to Riemann and Liouville ( is the Euler
Gamma function ):

The dispersive (or non-dispersive) character is therefore not
an intrinsic feature of charge transport in a given material, but
depends on the time scale and experimental parameters as
temperature, sample thickness, etc. Transitions from dispersive
to non-dispersive behavior maybe observed when translating
towards long times or temperatures. [5]

(

5
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(

(

(

(8)
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The particular feature of fractional derivative is nonlocality: (7) involves a convolution product, and therefore, the
fractional derivative of g(x) depends on the overall shape of the
function and not only on its local slope or curvature. The
memory effect is therefore directly included in this
mathematical tool. The transport dispersive features may then
be introduced easily, replacing in the normal transport
equations (describing diffusion, conduction, hopping) the
classical time derivatives by fractional ones. It is not possible
however to develop here in details the important question of
the application of fractional calculus to charge transport, which
is treated in many recent papers [21].
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Incorporate dielectric complexity into your models

CHARGING
MODEL

Material
Permittivity ε
Conductivity σ
Carrier i mobility µi
𝜎 = ∑𝑖 𝜇𝑖 𝜌𝑖

Exhibit a complex
time dependence
(indepently of aging)
And a strong
memory effect

Environment (T, E, Ḋ, etc)

DISORDER
2
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”perfectly ordered disorder,
designed with a helter-skelter magnificence”.
(Emily Carr)

1. Why conduction in disordered
materials needs specific tools
3
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Charge mobility, from gases to disordered solids
 Modern concept of mobility : Paul Drude (1900).
 Kinetic theory of gases - > electron transport in solids .
 Random walk / collisions with surrounding medium
 Field => drift velocity proportional to the field.
 Quantum solid state physics adapted Drude model
 collisions with molecules -> interaction with phonons.
 In both cases, mobility is proportional to the mean time between
𝑞𝑞
interactions:
𝜇=
𝑚

Paul Drude

 However, this formula concerns mobility in transport states only.
 Dielectrics commonly used in electrical or thermal insulation are usually DISORDERED
materials, to reduce the electron free path and energy.
 The consequence of disorder is that charge spends most of its life in trapping levels.
 Waiting times corresponding to trapping events has to be introduced in the random
walk model:
=> Continuous Time Random Walk (CTRW)
4
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Mobility measurements: time-of-flight experiment
Scher 1975

• Neglecting time spent in transport levels
transit time of a carrier is the sum of its
waiting times between jumps
• Waiting times distribution 𝜓(𝜃)
• Central limit theorem : for large numbers
of jumps, transit times distribution tends
towards a Gaussian with mean value :
< τ >= < 𝑛 > 𝜃𝜃(𝜃)
“NOR M AL” TR ANSPOR T

5

A mean value of the mobility may be
deduced from the transit time

Introduction
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Mobility measurements: time-of-flight experiment
Scher 1975

• Neglecting time spent in transport levels
transit time of a carrier is the sum of its
BROAD
waiting times between jumps
• Waiting times distribution 𝜓(𝜃)
• Central limit theorem : for large numbers
NEVER LARGE
of jumps transit times distribution
tends !
ENOUGH
towards a Gaussian with mean value :
< τ >= < 𝑛 > 𝜃𝜃(𝜃)
“NOR
DI SPER
SI M
VEAL” TR ANSPOR T
(ANOM ALOUS)
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A mean value of the mobility may be
deduced from the transit time
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Multiscale disorder needs specific tools
 Montroll initiated Continuous Time Random Walk (CTRW)
theory > 40 years ago
 A power law shape of the WTD: 𝜓 𝜃 = 𝜃 − 1+𝛼 gives as
much weight in the transit time to rare very long trapping
events as to frequent short trapping events
 Most charges will have crossed the sample after a given
time but the mean charge transit time
Elliott W. Montroll
< 𝑡𝑖 >= 𝑛 𝜃𝜃(𝜃) is infinite
=> drift mobility cannot be computed
 This broad distribution of the
waiting times is a consequence
of multiscale disorder measured
by alpha parameter
 a fractal structure may be
assumed for the material

(© Mehrdad Garousi)
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These tools have been largely developed these
last 40 years for disordered semiconductors.
Several models and a large bibliographical
work have been realized in Supelec
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Lisa, in this house, we obey the laws of thermodynamics !
Homer Simpson

2. Conduction models in
disordered materials
9
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Conduction models

Multiple Trapping (MT) models

WT

Energy

 Charge is moving through transport states
Density ofare
states
 Trapping and detrapping
separated and non symetrical
events
transport
 Trap relaxation time ∝ 𝒆𝑾⁄𝒌𝒌 strongly
energy dependent

 Transient regime: equilibrium
with transport
Exponential
levels concerns shallow
levels first , then
distribution
deeper traps. Limit : demarcation energy
 Drift mobility continuously decreases with
time due to increase of the mean
detrapping time
 Link with CTRW : WTD 𝜓 𝜃 = 𝜃 − 1+𝛼 is
obtained for exponential energy distribution
of traps with characteristic energy WT = kT/α
10

SH ALLOW STATES
(equilibrium )
==dem arcation ==
DEEP STATES
(non equilibrium)
Monroe 2005

=> Pr. Tyutnev
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Conduction models

Hopping models
 Considering insulators with large gap and deep traps, thermal energy is
usually not sufficient to reach the vicinity of the conduction band
 Direct tunnelling from trap to trap has to be assumed leading for instance
to Miller-Abrahams equation.

Baranovski 2006
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Conduction models

Hopping models
 This problem has many aspects. Please see the
references of my paper. Just a few ideas:
 1) positional disorder and energetical disorder lead to
different features for charge transport (NNH, VRH..)
 2) transport in a disordered medium is basically a
PERCOLATION problem. The mean values of hopping
probability are not to be taken into account but the
most difficult jumps
Baranovski 2006

 3) It has been shown that, if charge density of states depends on energy, a
transport energy level appears to which hopping from deeper states is the
more likely .
 MT models may thus in many cases be used to model hopping conduction,
replacing conduction band by transport energy. But as an approximation:
charge hopping is a complex 3D process
12
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Oh, people can come up with statistics to prove anything.
14% of people know that.
Homer Simpson

3. Statistical tools for anomalous
transport description
13
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Statistical tools

A wide class of problems
 𝜓 𝜃 = 𝜃 − 1+𝛼 distributions do not allow using the central limit theorem
but belong to the « alpha stable » distribution class which keep their
statistical properties when summing a great number of draws

 Mathematician Paul Lévy (1920) has devoted many efforts to understand
this phenomenon. The 3D path of charge is called « Levy walk », or Lepreti 2003
subdiffusion.
 These distributions are very common.
The waiting times beetween successive X-ray
solar flares also seems to follow a Levy distribution
 In the real world, these distributions are
necessarily truncated (i.e. for a long enough
time scale, transition from dispersive to
Gaussian)
14
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Statistical tools

The memory effect
 The « normal » hopping process is Markovian: the system future evolution
does not depend on the past but only on the present situation
 In disordered materials WTD without mean as 𝜓 𝑡 = 𝑡 − 1+𝛼 introduces
convolution products in the differential equations describing the hopping.
The processus becomes non-Markovian. A memory effect is induced.
 This memory effect appearing for charge transport may be described by the
same kind of relationship than dipolar relaxation (for instance, polymer
chain movement). In both cases, scale invariance is involved.
 Elegant mathematical description for this behaviour may be provided by
fractional derivatives. This unfortunately cannot be developed here.
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In theory there is no difference between theory and practice.
In practice there is.
Yogi Berra

4. Conclusions
16
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Back to spacecraft charging
 The response of the insulating material is usually involving a very broad
scale of times and power laws. (cf. SIRENE DRIC experiments at ONERA)
 Hence, equilibrium is almost never reached, conductivity has a dynamic
behaviour and cannot be reduced to a simple figure (cf. SIRENE results also).
 In linear system theory, this could be incorporated in the model by transfer
functions and convolution products (or Laplace transform calculus).
Fractional derivatives may also be useful. However, RIC involves fieldassisted generation and recombination, which cannot be described with
linear equations.
 MT models or Monte-Carlo methods may always be used.
 To incorporate this complexity in your models is thus not an easy matter but
do not hesitate to contact me in case you are interested  .
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Thank you
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