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Abstract We test the recently developed nonlinear wave growth theory of plasmaspheric hiss against
discrete rising tone elements of hiss emissions observed by the Van Allen Probes. From the phase variation
of the waveforms processed by bandpass ﬁlters, we calculate the instantaneous frequencies and wave
amplitudes. We obtain the theoretical relation between the wave amplitude and frequency sweep rates at
the observation point by applying the convective growth rates and dispersion factors to the known relation
at the equator. By plotting the theoretical relation over scatterplots of the wave amplitudes and the
frequency sweep rates for rising tone elements, we ﬁnd good agreement between the hiss observations and
the nonlinear theory. We also ﬁnd that the duration periods of the hiss elements are in good agreement with
the nonlinear transition time necessary for the formation of a resonant current through coherent nonlinear
wave-particle interactions.
1. Introduction
Hiss is an electromagnetic whistler-mode emission, in the typical frequency range from ∼100 Hz to ∼5 kHz,
occurring in the Earth’s plasmasphere and plasmaspheric plumes. Observations of hiss were originally made in
the 1970s [e.g., Smith et al., 1974; Tsurutani et al., 1975], more recent observations being reported by Meredith
et al. [2004], Summers et al. [2008, 2014], Li et al. [2013, 2015], Ni et al. [2014], Laakso et al. [2015], Tsurutani et al.
[2015], Kim et al. [2015], and Spasojevic et al. [2015]. Apart from being of intrinsic scientiﬁc interest, hiss is a key
wave mode in inﬂuencing the dynamics of the energetic electrons that populate Earth’s inner magnetosphere.
For instance, hiss-induced pitch angle scattering of electrons in the energy range from ∼200 keV to ∼1 MeV
can cause signiﬁcant electron precipitation loss from the outer zone [e.g., Lyons et al., 1972; Tsurutani et al.,
1975; Meredith et al., 2006, 2009; Summers et al., 2007a, 2007b, 2008; Ni et al., 2013; Thorne et al., 2013; Breneman
et al., 2015].
Hitherto, nearly all published studies have regarded plasmaspheric hiss emissions as broadband, incoherent
and without structure. Exceptionally, by analyzing burst-mode waveform data from the Electric and Magnetic
Field Instrument Suite and Integrated Science (EMFISIS) investigation [Kletzing et al., 2013] on the NASA Van
Allen Probes, Summers et al. [2014] showed that plasmaspheric hiss is a coherent emission containing discrete rising tone and falling tone elements. As far as we know, the study by Summers et al. [2014] was the ﬁrst
to reveal such complex ﬁne structure of plasmaspheric hiss. The study was made possible by a combination
of the quality of the high-resolution EMFISIS instrumentation and the orbit location of the Van Allen Probes
inside the plasmasphere for signiﬁcant time periods. Motivated by the Summers et al. [2014] paper, Omura
et al. [2015] showed that the nonlinear wave growth theory originally developed for whistler-mode chorus
[Omura et al., 2008, 2009, 2012; Omura and Nunn, 2011] could be readily adapted to apply to whistler-mode
hiss. In particular, Omura et al. [2015] showed that observed amplitudes of rising and falling tone hiss
emissions are well approximated by the theoretical “optimum” wave amplitude.
The present paper is a follow-up to the Omura et al. [2015] study and seeks to establish further observational
evidence that hiss emissions are essentially nonlinear and can be described by the aforementioned nonlinear
wave growth theory. In Omura et al. [2015], the threshold amplitude for falling tones was not formulated.
Therefore, in this study, we compare the data with the nonlinear growth theory only for rising tones.
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In the present investigation, waveforms of the hiss emissions at diﬀerent frequencies are extracted from the
burst-mode EMFISIS data on spacecraft Radiation Belt Storm Probes-A (RBSP-A) by means of bandpass ﬁlters.
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From the phase variation of the waveforms we calculate the instantaneous frequencies and wave amplitudes.
We obtain the required parameters describing the energetic electrons by ﬁtting the theoretical optimum wave
amplitude as a function of frequency at the equator.
In sections 2 and 3 we provide a short summary of the nonlinear wave growth theory required for the present
paper. In section 4 we describe our data analysis and present the results. Finally, in section 5 we state our
conclusions and provide a brief discussion.

2. Nonlinear Wave Growth Theory of Hiss Emissions
Fine structures of hiss emissions [Summers et al., 2014] correspond to individual coherent waves at diﬀerent frequencies and with diﬀerent resonance velocities well separated with respect to the parallel velocity. If
there is no overlap between two adjacent nonlinear trapping wave potentials in the velocity phase space, the
interaction between a hiss element and electrons can be described as an interaction between a single coherent wave packet and resonant electrons [Omura et al., 2015]. The nonlinear dynamics of resonant electrons
interacting with a coherent whistler-mode wave is described by the pendulum equation with a secular term,
namely,
d2 𝜁
= 𝜔2tr (sin 𝜁 + S) ,
dt2
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wave in the parallel direction gives 𝜒 2 = 1 + 𝜉 2 . In calculating s2 , we assume that the cold plasma density
is constant along the magnetic ﬁeld line. The resonance velocity VR , the phase velocity Vp , and the group
velocity Vg are given by
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Ṽ p = Vp ∕c = 𝜒𝜉,

(8)

[
]−1
Ωe
𝜉 2
𝜉 +
,
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respectively. Since the contribution to the nonlinear resonant current is strongly peaked in V⟂ at an average
value V⟂0 for the hot electrons, we represent the distribution of perpendicular velocities of hot electrons by a
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Table 1. Physical Parameters for the Nonlinear Wave Growth Calculations
Parameters

Case 1

Case 2

Case 3

0.1

0.1

0.1

0.1

6 kHz

4 kHz

9 kHz

3 kHz

140 kHz

250 kHz

290 kHz

150 kHz

4.8

5.0

4.0

5.0

7

7

5

2

Velocity of resonant electrons: V⟂

0.4c

0.3c

0.11c

0.5c

Thermal momentum of electrons: Ut∥

0.14c

0.07c

0.09c

0.07c

Electron hole factor: Q
Cyclotron frequency: fce (local)
Upper hybrid frequency: fup
Position of RBSP-A: L
Position of RBSP-A: MLAT (deg)

Ratio of hot electrons: nh ∕nc
Frequency range of hiss: f
Latitude range for convective growth

Case 4

0.00008

0.00004

0.00007

0.00005

50–2200 Hz
0.5∘

100–2000 Hz
0.1∘

200–4300 Hz
0.8∘

100–1300 Hz
0.3∘

delta function for simplicity. In Table 1, we have listed the parameters used for the theoretical ﬁtting with the
observed amplitude proﬁle shown in Figure 2. The combination of V⟂0 and the parallel thermal momentum
Ut∥ is uniquely determined for each case. The pitch angles of the resonant electrons vary over 50–80∘ .
Near the equator, the value of S is determined by the frequency sweep rate of a rising tone emission divided by
the wave amplitude, as shown in (3). Using the value of S that maximizes the negative JE value at the equator,
i.e., S = −0.4 for an electron hole and S = 0.4 for an electron hill, we obtain the frequency sweep rate
±0.4s0 𝜔
𝜕𝜔
=
Ωwo ,
𝜕t
s1

(10)

where the plus and minus signs correspond to rising and falling tone emissions, respectively [Nunn and
Omura, 2012].
For a coherent wave, the orbits of resonant electrons are strongly modiﬁed, resulting in the formation of an
electron hole in the velocity phase space ((v∥ − VR ), 𝜁 ). When S = 0, there arises a symmetric hole which does
not induce any wave growth or damping. An asymmetric electron hole induces nonlinear resonant currents
JB and JE , which are parallel to the wave magnetic ﬁeld and electric ﬁeld, respectively. The current density JB
induces a frequency increase 𝛿𝜔, while JE causes wave growth. Initially, during triggering by a ﬁnite amplitude
wave, JB is formed over the nonlinear transition time TN resulting in the frequency increase 𝛿𝜔. The value of
TN is roughly estimated by the nonlinear trapping period Ttr given by
2𝜋
2𝜋
Ttr =
=
𝜔tr
𝜒

(

m0 𝛾
kV⟂0 eBw

)1∕2
,

(11)

where 𝜔tr is the trapping frequency [Omura et al., 2008, 2012]. We deﬁne the ratio 𝜏 = TN ∕Ttr , which has been
determined empirically from observations and simulations of chorus emissions near the equator [Kurita et al.,
2012; Katoh and Omura, 2013]. In the present study, we assume 𝜏 = 0.25 ∼1.0. Equating an average frequency
sweep rate 𝛿𝜔∕TN with the frequency sweep rate (10) corresponding to a maximum value of |JE | at the equator,
we obtain the optimum wave amplitude Ωwo in the form
̃ wo = 0.81𝜋
Ω

s1 Ṽ g
𝜏 s0 𝜔̃ Ũ t∥

−5∕2 |Q|
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(12)

t∥

̃ wo = Ωwo ∕Ωe0 , 𝜔̃ ph = 𝜔ph ∕Ωe0 , and Ũ t∥ = Ut∥ ∕c, and Ut∥ is the thermal momentum in the parallel
where Ω
direction, and Q represents the depth of the electron hole [Omura et al., 2009, 2012]. The density of the hot
electrons is represented by the plasma frequency 𝜔ph . A similar argument can be made for the optimum
wave amplitude corresponding to a falling tone emission which results from the formation of an asymmetric
electron hill. We then obtain the same formula (12) except that Q is negative [Omura et al., 2015].

3. Nonlinear Convective Wave Growth
A hiss element excited at the equator will have a wave amplitude that is close to the optimum wave amplitude.
The element grows further through propagation away from the equator because of the asymmetric electron
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Figure 1. (a) Dynamic frequency spectra with instantaneous frequencies obtained from the phase variations of the
band-ﬁltered waveforms. (b) Enlarged frequency spectra with the instantaneous frequencies plotted in black.
(c) Magnetic ﬁeld waveforms reconstructed from the band-ﬁltered wave data, instantaneous wave amplitudes, and
frequency.
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Figure 2. For the indicated four events, scatterplots of the observed wave amplitudes and frequencies of the hiss
emissions over 1 s. The optimum wave amplitude including the eﬀect of the convective growth is plotted in black. The
threshold wave amplitude for rising tone hiss elements is plotted as a black dashed line.

hole that can be maintained through the convective wave growth. Near the equator, the variation of the ambient magnetic ﬁeld is approximated by a parabolic function B = B0 (1 + ah2 ) where a = 4.5∕(LRE )2 . Therefore,
the gradient of the magnetic ﬁeld increases linearly in distance h along the magnetic ﬁeld line. If the wave
amplitude increases linearly as a function of h along the ﬁeld line, S can remain in the range −1 < S < 0 for a
substantial distance away from the equator. Therefore, the convective growth process works very eﬀectively
for the whistler-mode wave packet moving away from the equator. The convective growth rate is given by
ΓN ∕Vg , where ΓN is the nonlinear growth rate given by
(
)
)3∕2
|Q|𝜔2ph ( 𝜉 )1∕2 Vg (
𝛾 2 VR2
𝜒
̃
ΓN =
exp − 2 .
(13)
V⟂0
2
Ωw 𝜔
Ut∥
𝜋𝛾
2Ut∥
The wave amplitude Ωw at a position h = hsp of a spacecraft along the ﬁeld line is approximated by
hsp

Ωw (hsp ) = Ωw (0) +

NAKAMURA ET AL.

∫0

NONLINEAR GROWTH OF PLASMASPHERIC HISS

ΓN
Ω dh.
Vg w

(14)

10,044

Geophysical Research Letters

10.1002/2016GL070333

Figure 3. (a–d) Observed time scales of the rising tones and wave amplitudes for each hiss element in the four cases in
Figure 2. The colors indicate the frequencies of the hiss elements. Theoretical nonlinear transition times calculated from
the wave amplitude for 𝜏 = 0.25, 0.5, and 1.0 are overplotted for each case, where 𝜏 = TN ∕Ttr .

The frequency sweep rate at the spacecraft is also modiﬁed from that at the equator because of the dispersion
eﬀect [Omura et al., 2009] and is given by
(

𝜕𝜔
𝜕t

[

)

= 1−
h=hsp

𝜒 3 (Ω2e − 4𝜔Ωe − 4𝜉 2 𝜔2 )
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(
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𝜕𝜔
𝜕t

]−1

)
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(
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𝜕t

)
h=0

,

(15)

where the frequency sweep rate at the equator (𝜕𝜔∕𝜕t)h=0 is given by (10).
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(b)

Figure 4. Scatterplots of the observed instantaneous wave amplitude and sweep rate of the (a) rising tone and
(b) falling tone hiss elements. The colors indicate the frequencies of the hiss elements.

4. Data Analysis
We ﬁrst transform three magnetic ﬁeld components of the waveform data obtained from EMFISIS to the parallel and perpendicular components with respect to the local magnetic ﬁeld. We then apply a discrete Fourier
transform to each component. Separating the spectra into 50 Hz bands and applying the inverse discrete
Fourier transform, we can reconstruct a waveform in each 50 Hz band. Assuming that we only have a single
hiss element in the band, we calculate an instantaneous frequency and a wave amplitude in each band. We
have veriﬁed that we can reconstruct a waveform of a single hiss element extracted by the bandpass ﬁlter
from a synthetic wave consisting of many elements in diﬀerent frequency bands. When the wave amplitude
is greater than the mean value in each frequency band, we overplot the instantaneous frequency on the
dynamic frequency spectra, as shown in Figures 1a and 1b. Figure 1c shows one of the waveforms of the
magnetic ﬁeld reproduced after applying the bandpass ﬁlters. Figure 1c also shows the instantaneous wave
amplitude and frequency. As indicated by the Poynting vector analysis at higher latitudes shown in Summers
et al. [2014, Figure 6d], hiss emissions are generated near the equator and then propagate away from the
equator undergoing eﬃcient convective wave growth.
Figure 2 shows the amplitudes and frequencies of hiss elements identiﬁed by the method described above.
We examine four cases of hiss emissions each observed at some distance from the equator: Case 1: 18 February
2013/09:27:25–27:26, Case 2: 3 February 2013/10:25:37–25:38, Case 3: 16 February 2013/13:13:59–14:00, and
Case 4: 18 February 2013/05:45:06–45:07. We choose oﬀ-equatorial cases because of the diﬃculty in separating waves propagating in opposite directions, northward and southward, near the equator. As mentioned in
the previous section, the high-frequency parts of the hiss emissions in the oﬀ-equatorial regions are ampliﬁed
through the convective wave growth, the convective growth rate becoming substantially larger as the frequency increases. Assuming that the lower frequency parts of the hiss emissions are not much aﬀected by the
convective wave growth, we ﬁt the theoretical optimum wave amplitude given by (12) and also ﬁt the threshold wave amplitude for the absolute instability of a rising tone emission [Omura et al., 2015]. The frequency
band of the hiss emissions is determined by the frequency ranges over which the optimum amplitude is
greater than the threshold amplitude. The plasma parameters that we assumed in ﬁtting the theoretical optimum and threshold amplitudes in each of the Cases 1–4 are listed in Table 1. Since the high-frequency parts
of the emissions are much enhanced by the convective growth, we modify the optimum wave amplitude by
using relation (14). Since the use of the distance hsp gives an amplitude much greater than the observed wave
amplitude, we assume the actual convective wave growth is limited to the region ∼ 300 km near the equator.
We overplot the theoretical wave amplitudes calculated from the optimum wave amplitudes on the scatterplots in Figure 2 for comparison with the hiss observations. The assumption of the limited length scale for
NAKAMURA ET AL.
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Figure 5. (a–d) Scatterplots of the observed instantaneous wave amplitude and sweep rate of the rising tone hiss
elements in the four events shown in Figures 2a–2d. The theoretical sweep rates are indicated as black curves for the
speciﬁed values of 𝜏 .

convective growth can be justiﬁed because the wave normal angle deviates from the parallel direction as
the wave packet propagates away from the equator. A parallel electric ﬁeld that traps part of the energetic
electron population through Landau resonance is formed, resulting in nonlinear wave damping [Omura et al.,
2009]. The higher obliquity also makes the nonlinear convective growth rate corresponding to the cyclotron
resonance much smaller [Nunn and Omura, 2015].
We compare time scales of the observed rising tones with the nonlinear transition time TN described in
section 2. We estimate the time for wave growth as the time from the local minimum to the local maximum of
a hiss element with an increasing frequency. We plot the wave growth time scales as functions of the observed
wave amplitudes in Figure 3. We also plot the theoretical nonlinear transition time TN calculated from the
NAKAMURA ET AL.
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nonlinear trapping time given by (11), where the wave amplitude Bw is the optimum wave amplitude at the
equator. We ﬁnd good agreement between the observation and the theory, conﬁrming that the nonlinear
wave growth due to the formation of the resonant currents is taking place at the equator.
Next we calculate the frequency sweep rate from the variation of the instantaneous frequency at the local
maximum of the wave amplitude of each hiss element. We separate all hiss elements identiﬁed in Case 1 based
on the sign of the sweep rates, i.e., we identify the rising tones and falling tones and plot them in Figures 4a
and 4b, respectively. We ﬁnd that the sweep rates of the falling tones are generally higher than those of the
rising tones.
We calculate the frequency sweep rates of the rising tone emissions in Cases 1–4 and plot them as functions
of the wave amplitude in Figure 5. The colors indicate the frequencies of the hiss elements, i.e., blue for lower
frequencies and red for higher frequencies. The optimum wave amplitudes are modiﬁed by the convective
growth given by (14), and the frequency sweep rates are corrected by the dispersion eﬀect (15). The theoretical
sweep rates and amplitudes are plotted as a function of amplitude for 𝜏 = 0.25, 0.5, and 1.0 for each case. We
ﬁnd good agreement between the observed and theoretical sweep rates.

5. Summary and Discussion
We have compared burst-mode EMFISIS data of plasmaspheric hiss with the nonlinear wave growth theory by
applying a bandpass ﬁlter based on the Fourier transform. We have chosen four events representing the hiss
observations at some distance from the equator in order to observe hiss elements propagating to higher latitudes. We identify the frequency range of the hiss emissions by ﬁtting the optimum and threshold amplitudes
to the proﬁle of the measured wave amplitudes over 1 s. Since the nonlinear convective growth rates are high,
we integrate the spatial growth rate over only a short distance from the equator so as to obtain the theoretical
wave amplitude at the spacecraft location. The oﬀ-equatorial frequency sweep rate is also modiﬁed from the
sweep rate at the equator due to the dispersion eﬀect. We have included these eﬀects in calculating the theoretical relation between the wave amplitude and the frequency sweep rate. Comparison between the hiss
observations and the nonlinear theory is summarized as follows:
1. The duration periods of the hiss emissions are in good agreement with the theoretical time scale for
nonlinear growth as indicated by the nonlinear transition time.
2. The observed frequency sweep rates and wave amplitudes of rising tone hiss elements agree well with the
predicted theoretical rates and the optimum wave amplitudes.
The four cases considered show that the time scales of the hiss elements vary over the range 0.01–0.1 s. The
frequency sweep rates of the rising tone emissions range over 0.1–3 kHz/s, while those of the falling tone
emissions range over 0.1–10 kHz/s. The amplitudes of the lower frequency edges of the hiss emissions are in
the range 10–100 pT, while the amplitudes of the higher-frequency edge vary over the range 0.2–20 pT. The
wave amplitude is determined by the optimum amplitude in the generation region, and the higher-frequency
part of the hiss emissions can undergo strong nonlinear convective growth through propagation to higher
latitudes, resulting in a wider range of amplitude variation on a logarithmic scale.
These results provide strong evidence that the generation process of plasmaspheric hiss emissions can be
explained by the nonlinear wave growth mechanism which is initiated by coherent waves arising from electromagnetic thermal ﬂuctuations near the equatorial region just inside the plasmapause. The hiss emissions
propagate to higher latitudes and reﬂect back to lower L shells and toward the equator, thereby ﬁlling a wide
range of L shells of the plasmasphere.
It has been suggested that a mechanism for the generation of plasmaspheric hiss is conversion from
whistler-mode chorus emissions propagating into the plasmasphere [e.g., Bortnik et al., 2008], but the present
analyses suggest spontaneous local generation of hiss elements through nonlinear wave growth near the
magnetic equator rather than an external wave source.
We can also ﬁnd interesting examples of discrete emissions arising from broad hiss bands [e.g., Nunn, 2015].
Simulation studies [Katoh and Omura, 2013; Shoji and Omura, 2014] show that a narrower range between
the optimum and threshold amplitudes results in sequential triggering of emissions that generate discrete
elements rather than the many hiss elements being triggered concurrently as we ﬁnd here in plasmaspheric
hiss emissions.
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