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Abstract In this study, we investigate the possibility of nonlinearity in chorus waves during a
geomagnetic storm on 1 November 2012. The data we use were measured by the Van Allen Probe B. Wave
data and plasma sheet electron data are analyzed. Chorus waves were frequently measured in the morning
side during the main phase of this storm. Large-amplitude chorus waves were seen of the order of ∼0.6 nT
and >7 mV/m, which are similar to or larger than the typical ULF waves. The waves quite often consist
of rising tones during the burst sampling. Since the rising tone is known as a signature of nonlinearity,
a large portion of the waves are regarded as nonlinear at least during the burst sampling periods. These
results underline the importance of nonlinearity in the dynamics of chorus waves. We further compare
the measurement and the nonlinear theories, based on the inhomogeneity ratio, our own calculation
derived from the ﬁeld equation and the backward wave oscillator model. The wave quantities examined are
frequency, amplitude, frequency drift rate, and duration. This type of study is useful to more deeply
understand wave-particle interactions and hence may lead to predicting the generation and loss of
radiation belt electrons in the future.

1. Introduction
Chorus waves are common phenomena in the plasma trough in the terrestrial magnetosphere [Burtis and
Helliwell, 1969; Tsurutani and Smith, 1974]. They are generated by the electron cyclotron resonance in the magnetic equatorial region [Kennel and Petschek, 1966]. Kennel and Petschek [1966] further applied the quasi-linear
theory to the whistler waves. The quasi-linear theory has later yielded a time scale for the enhancement of
radiation belt electrons, consistent with the measured intensity of chorus waves [Horne et al., 2005].
Nonetheless, there are nonlinear signatures in the whistler waves [Nunn, 1974; Bell and Inan, 1981;
Trakhtengerts, 1995; Omura et al., 2008; Demekhov, 2011]. The temporal evolution in frequency such as rising
tones, seen in chorus waves and VLF triggered emissions, has been suggested as one of the nonlinear signatures. Note that the similarity between chorus waves and triggered emissions has been mentioned in previous
studies [Omura et al., 1991; Nunn et al., 1997]. According to Omura et al. [2008], the nonlinear evolution develops when there are inhomogeneity in the geomagnetic ﬁeld strength and ﬁnite wave amplitudes. As a result,
a potential well is created in the electron phase space around the cyclotron resonant velocity. If the phase
space density is larger or smaller inside the well, waves and particles exchange energy nonlinearly as a whole.
Another idea is based on the backward wave oscillator (BWO) model [Trakhtengerts, 1995; Demekhov, 2011].
In this model, a step in the distribution function provides a high linear growth rate in the ﬁrst place, while the
nonlinear stage follows fairly similar to the theory by Omura et al. Recently, there were various measurements
reporting nonlinear signatures in chorus waves and triggered emissions [Trakhtengerts et al., 2004; Gołkowski
et al., 2010; Macúšová et al., 2010; Cully et al., 2011; Tao et al., 2012a; Titova et al., 2012; Kurita et al., 2012; Menietti
et al., 2013; Santolík et al., 2014; Mourenas et al., 2015].
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According to the theoretical calculations, nonlinear waves may be quite eﬀective for accelerating electrons
[Albert, 2002; Trakhtengerts et al., 2003; Demekhov et al., 2006; Omura et al., 2007; Summers and Omura, 2007]
or for decreasing their pitch angle and energy [Albert, 2002; Bortnik et al., 2008], depending on the initial
particle pitch angle and energy (and relative phase as compared to the wave); Thorne [2010] reviews this
point as well as other points raised in section 1. Simultaneous measurements of chorus waves and electron microbursts are a possible signature of wave-particle interactions and have been previously reported
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[e.g., Skoug et al., 1996; Fennell et al., 2014]. Hikishima et al. [2010] simulated electron microburst precipitations
accompanied by nonlinear chorus waves. Therefore, there is a demand to study the nonlinearity in chorus
waves, which will lead to further understanding on wave-particle interactions.
In this study, we analyze data from Van Allen Probes launched in August 2012 [Mauk et al., 2013]. The Van
Allen Probes are well suited to study VLF emissions such as chorus waves in the inner magnetosphere [Kletzing
et al., 2013; Santolík et al., 2014]. Our objective in this study is to examine nonlinearity in chorus waves during a
storm on 1 November 2012. For this purpose, both observations and theories are investigated. Concerning the
observations, we examine properties of rising tone events, which are considered to be nonlinear phenomena.
This is because rising tones were commonly observed during this orbit. Nonetheless, we think that falling
tones can also be due to nonlinear wave-particle interactions especially when the waves are propagating
toward the equatorial region [Demekhov, 2011]. Measured quantities are then compared with theories. One
such theory is based on the inhomogeneity ratio discussed by, e.g., Omura et al. [2008]. We also compare the
measurements with our theoretical calculation based on the ﬁeld equation presented in Nunn [1974]. The
BWO theory [Trakhtengerts, 1995; Titova et al., 2012] is then compared with our measurements. This type of
study is useful to advance our understanding on the nonlinear aspect of the chorus waves, which may in turn
provide implications on the wave-particle interactions caused by the nonlinearity and eventually knowledge
on the buildup and loss of radiation belt electrons. Note that the same chorus event was analyzed by Fu et al.
[2014]. However, their focus was on the linear stage, and data used were measured by Probe A instead of
Probe B analyzed in our study.
This paper is organized as follows. In section 2, observations of the rising tones are presented. We show
spectrograms as well as waveforms and then estimate how often the rising tone events were measured. An
electron distribution function is also shown, whose moments are necessary for the following theoretical calculations of wave parameters. In section 3, comparisons between measurements and these calculations, based
on the inhomogeneity ratio, the ﬁeld equation, and the BWO model, are described as well as their physical
implications. Finally, a summary and conclusions are presented in section 4.

2. Observations
2.1. Data
We analyze data measured by the Van Allen Probes [Mauk et al., 2013], as mentioned above. The Van Allen
Probes consist of two spacecraft, A and B, with identical instrumentation. The perigee is 1.1 RE from the Earth’s
center and the apogee is 5.8 RE with an inclination of 10∘ . The orbital period is 9 h. Here we concentrate on
data from Probe B.
Prime data in our study were measured by the Waveform Receiver (WFR) of the Waves instrument on the
Electric and Magnetic Field Instrument Suite and Integrated Science (EMFISIS) instrument suite, including a
ﬂuxgate magnetometer (MAG) and a plasma wave instrument called Waves [Kletzing et al., 2013]. The WFR
data consist of three components of both electric and magnetic ﬁelds measured by spherical probes and a
search coil magnetometer, respectively. This electric ﬁeld component comes as an analog signal from the
Electric Field and Waves (EFW) instruments [Wygant et al., 2013]. Both spectral matrix and waveform burst
data are analyzed. Spectral matrices are recorded every 6 s in the frequency range 2 Hz to 11 kHz throughout
the mission. Waveform data are intermittently recorded during the burst mode. Data are collected for 6 s
during each burst with a sampling frequency of 35 kHz. This 6 s interval is long enough to capture each chorus
element with a typical duration less than a second. The sampling frequency is suﬃcient to resolve chorus
emissions in the order of 1 kHz. Even though the burst sampling is intermittent, there may be as large as tens
of such samples in each 1 h interval so that a variety of wave activities are captured in each orbit.
Data from the High Frequency Receiver (HFR) portion of the Waves instrument, covering 10 to 490 kHz on
EMFISIS, are used to determine the upper hybrid frequency and then to derive the electron number density
[e.g., Gurnett et al., 2000; Kurth et al., 2015]. These data are recorded at 6 s or 0.5 s intervals for one component
of the electric ﬁeld measured by spherical probes. MAG Data on EMFISIS are used to get directions of
the ambient magnetic ﬁeld and the electron cyclotron frequency fce . The data we analyze have a time
resolution of 4 s.
Electron data are measured by the Helium, Oxygen, Proton, and Electron (HOPE) mass spectrometer on
the Energetic Particle, Composition, and Thermal Plasma (ECT) suite [Funsten et al., 2013; Spence et al.,
2013]. These data are used to get pitch angle distributions. Plasma moments may also be calculated
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Figure 1. An overview plot of chorus emissions measured by the probe B on 1 November 2012. Each panel shows a
spectrogram for the (ﬁrst panel) EU component from HFR, those for the (second panel) EU and (third panel) BU
components from the WFR spectral matrix, (fourth panel) electron omnidirectional diﬀerential ﬂux from HOPE, and
(ﬁfth panel) Dst index, from top to bottom. Black lines in the WFR spectra correspond to fce,eq ∕2. The spacecraft
ephemeris information is indicated in the bottom.

[e.g., Paschmann and Daly, 1998]. The energy range of the data for our event is between 25 eV and 52 keV.
The angular resolution of the pitch angle is 18∘ except at the tips (9∘ ). The data are sampled for 11 s in every
24 s. Magnetic ephemeris (MagEphem) ﬁles provided by the ECT team [Spence et al., 2013] are used to get the
distance between the spacecraft location and the magnetic equator, which is the location of minimum magnetic ﬁeld strength, as well as the ratio of the magnetic ﬁeld strength between these two locations. The team
calculates these values using various magnetic ﬁeld models including that of Tsyganenko and Sitnov [2005].
We will use the values derived from this model.
2.2. Overview of an Event on 1 November 2012
Chorus emissions were measured by Probe B during the main phase of a geomagnetic storm on 1 November
2012, as shown in an overview plot (Figure 1). This ﬁgure shows, from top to bottom, a spectrogram for the
EU component from HFR, the EU , and BU components from the WFR spectral matrix, electron omnidirectional
diﬀerential ﬂux from HOPE, and the Dst index. Wave data are plotted in instrument coordinates in the spinning frame: The U and V components lie in the spin plane, while the W component is aligned along the spin
axis, pointing to <20∘ of the Sun direction. The spacecraft ephemeris information is shown in the bottom of
the ﬁgure. The perigee of the spacecraft occurred at ∼5, ∼14, and ∼23 UT when fce,eq ∕2 > 12 kHz. Note that
the subscript “eq” indicates equatorial values in this study. Here fce,eq ∕2 is drawn by black lines in the WFR
spectra (Figures 1, second and 1, third panels). The fce,eq values are calculated by combining the MAG data
and the ratio of the magnetic ﬁeld strength between the spacecraft location and the equator, included in the
MagEphem ﬁle.
After an initial onset of a storm at 14 UT in the previous day, the main phase started at 2 UT. The Dst value
achieved a minimum at −60 nT at ∼13–15 UT. An additional minimum Dst value was then achieved at 20 UT
with −62 nT. After that, the Dst value started to recover to quiet values. The chorus emissions are found
both in upper and lower bands (above and below fce,eq ∕2) especially during the main phase before arriving
at the plateau of minimal Dst values. The emissions were recorded in both electric and magnetic spectra.
MATSUI ET AL.
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Figure 2. An example of the waveform burst sample measured by the WFR during 1038:43.719–49.688 UT. Each panel
shows spectrograms for (ﬁrst panel) BR , (second panel) ER , (third panel) SZ , and (fourth panel) 𝜃kB from top to bottom.
The black lines in Figures 2, ﬁrst panel and 2, second panel indicate fce,eq ∕2. The spacecraft ephemeris information is
shown at the bottom.

Electrons with energy in the order of 1 keV and higher were enhanced simultaneously. These electrons have
their origin in the plasma sheet and are responsible for generating chorus waves through the cyclotron resonance. The spacecraft was located in the morning sector of magnetic local time (MLT) and near the equator,
where chorus waves are expected to be measured [Meredith et al., 2001; Horne et al., 2005; Li et al., 2011a].
2.3. One Burst Sample
Next we show one sample of chorus waves recorded by the WFR as waveform burst data (Figure 2). This event
was measured for 6 s at 1038:43.719–49.688 UT during the main phase of the storm. We have performed a fast
Fourier transform (FFT) of the original data after transforming to the ﬁeld-aligned coordinates [e.g., Hayashi
et al., 1994]. Furthermore, the trend in the original time series has been subtracted and the Hanning window
has been applied before the FFT. Each FFT is performed using 1024 data points. The time window is shifted
by 512 data points between neighboring FFTs. The calculated spectrograms are presented for the right-hand
polarized components of magnetic and electric ﬁelds, BR and ER , respectively, in Figures 2, ﬁrst panel and 2,
second panel. Figures 2, third panel and 2, fourth panel show the ﬁeld-aligned component of the Poynting
ﬂux SZ and the angle 𝜃kB between the wave propagation vector and the ambient magnetic ﬁeld.
Figure 2 shows that the rising tone emissions were intermittently observed in both magnetic and electric
ﬁelds in the lower band (< fce,eq ∕2) with a typical duration of a few tenths of seconds. Wave power in the
upper band (> fce,eq ∕2) is more diﬀused than that in the lower band, although signatures of the rising tone still
exist. The right-hand polarized component tends to be larger than the other two components: the left-hand
polarized component and the ﬁeld-aligned component (ﬁgure not shown). The spacecraft was located close
to the magnetic equator during this event. The MLAT was 0.4∘ and the distance from the location of minimum
magnetic ﬁeld strength was ∼280 km. The Poynting ﬂux, shown in Figure 2 (third panel) is directed toward
the ionospheres in both hemispheres. (The positive sign corresponds to the northward Poynting ﬂux.) This
distribution of the bidirectional Poynting ﬂux is consistent with waves generated around the equatorial region
within a distance <1000–2000 km, as demonstrated by Santolík et al. [2004]. The propagation direction of the
waves was quasi ﬁeld aligned, as indicated by blue colors in Figure 2 (fourth panel).
MATSUI ET AL.
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Figure 3. A sample waveform for BW and EV components at 1038:43.930–43.980 UT during the burst mode.
Each magnetic and electric component is the largest of all the three components at its peak.

Next we show a sample waveform when the wave amplitude is maximized in the burst period shown in
Figure 2. Each magnetic and electric ﬁeld component with the largest amplitudes of all the three components
in the instrumental coordinates is shown in Figure 3, respectively. The time series show sinusoidal waveforms,
although the amplitude continuously changes and the electric ﬁeld is sometimes saturated. The magnetic
amplitude is as large as ∼0.6 nT, while the electric amplitude is >7 mV/m. These amplitudes are comparable to
or larger than those of ULF waves typically in the order of 0.5–2 nT for magnetic ﬁelds and 1–5 mV/m for electric ﬁelds [e.g., Takahashi et al., 1992, 1994; Dai et al., 2013]. This could indicate the importance of VLF waves
for wave-particle interactions and their energy budget compared to ULF waves.
We may compare the measured wave amplitudes with simulated ones. When we normalize the measured
wave ﬁeld Bw (integrated from 500 Hz to 5 kHz) by the equatorial background magnetic ﬁeld Beq , the value
is calculated as Bw ∕Beq ∼ 4 ⋅ 10−3 . Other burst samples between 7 and 12 UT show a median amplitude of
Bw = 0.18 nT or Bw ∕B0 = 1.7 ⋅ 10−3 . Note that the spacecraft was located outside the plasmapause during
this period, as identiﬁed in the HFR spectrogram and the electron spectrogram (Figures 1, top and 1, bottom). The derived median amplitudes are within a typical range in which nonlinear features are discussed
(Bw ∕Beq > ∼ 10−3 [Omura et al., 2008]). Another work by Tao et al. [2012b] showed that nonlinear behavior
occurs for Bw > 0.2–0.3 nT in general. We therefore expect the measured amplitudes to be large enough to
modify electron orbits near the resonant energy so that the situation is nonlinear, as we will also infer in the
theoretical calculations described in section 3.
2.4. Occurrence of Rising Tones
We examine the occurrence of rising tones in this section. Here we show an example of such an event to
explain how these are identiﬁed. The 6 s burst sample from Figure 2 is ﬁrst divided into 12 intervals with 34
data points, where each data point corresponds to the result of one FFT. Correlation between BR (fmax + 3Δf )
and BR (fmax − 3Δf ) is calculated for each 0.5 s interval with various time lags (between −5Δt and +15Δt),
where fmax is the frequency of maximum wave amplitude, Δf is the frequency resolution of an FFT, 34 Hz,
and Δt is the interval between each FFT, 15 ms. Figure 4 shows one such interval to calculate correlation at
fmax ± 3Δf . This interval is also included in the burst sample in Figure 2. In Figure 4, the peak of the wave
MATSUI ET AL.
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Figure 4. An example of time series for BR (fmax + 3Δf ) and BR (fmax − 3Δf ) at 1038:45.200–1038:45.800 UT. The data
points used to calculate the correlation are marked by asterisks.

amplitude shifts to higher frequency at later times, which correspond to a rising tone. The time lag which
gives the maximum correlation (r = 0.94) is +4Δt (59 ms). Note that the actual data points used to calculate
the correlation are marked by asterisks for each frequency component. We therefore determine the frequency
drift rate as 3500 ± 450 Hz/s around fmax = 1440 Hz, assuming the uncertainty of Δt∕2.
The above noted calculation of the correlation between BR (fmax + 3Δf ) and BR (fmax − 3Δf ) is expanded to all
burst samples between 7 and 12 UT. There are 912 intervals to be analyzed. The frequency fmax is determined
for each correlation analysis. This frequency is further set as < fce,eq ∕2 so that wave activities in the lower band
are examined. The criterion to pick intervals with wave activities is that BR > 5 ⋅ 10−3 nT/Hz−1∕2 at the above
two frequencies. There are 508 such intervals in total. Within these, 419 intervals have correlation coeﬃcients
r > 0.4 with time lags such that BR (fmax + 3Δf ) is delayed compared to BR (fmax − 3Δf ). Following a statistical
test with Student’s t distribution, these two time series with r > 0.4 are considered to be correlated with a
signiﬁcance level of 99%. This indicates that the wave activities under such conditions correspond to rising
tones. Since the rising tone is known as a feature of nonlinearity, the majority of the measured wave activities
could be considered as nonlinear (419∕508 = 82%). Note that this nonlinear nature of the generated rising
tone chorus waves does not necessarily imply that the further eﬀects
of these waves on trapped radiation
belt electrons will be mainly nonlinear too: it will depend on their
actual amplitude at the time/location
of the interaction. Rising tone chorus
with Bw < 0.15 − 0.2 nT could actually
lead to mainly quasi-linear diﬀusive
interactions [e.g., Tao et al., 2012b;
Thorne et al., 2013]. Figure 5 shows a
histogram of positive correlation coefﬁcients which we have calculated for
events with wave activity. Most of the
data points are r > 0.4. The rest of the
wave
events with r < 0.4 often correFigure 5. A histogram of positive correlation coeﬃcients between
BR (fmax + 3Δf ) and BR (fmax − 3Δf ). These values are calculated when there spond to the case in which the rising
tones seem to take place so often that
is wave activity, as deﬁned in the text.
MATSUI ET AL.
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each individual emission can no longer be distinguished. The emission looks diﬀuse in these cases. Note that
the occurrence frequency of rising tones, deﬁned as the rate of the number of intervals with rising tones to
the total intervals analyzed, is determined as 46% (= 419∕912), indicating that rising tone chorus is a common
feature during burst sampling periods. Finally, if we only pick ﬁeld-aligned wave activities with 𝜃kB < 20∘ at
fmax ± 3Δf , the number of wave events and of rising tone events reduces slightly to 504 and 415, respectively.
Therefore, the majority of the wave activities analyzed is considered to be ﬁeld aligned.
We next compare the above described occurrence of rising tones with those from previous studies. Li et al.
[2011b] derived typical properties of rising tones as well as falling tones. They picked events by tracking
changes of fmax in time using frequency-time spectrograms. The occurrence frequency of rising tones was
at most a few percent, which is smaller than our result. This diﬀerence may be due to the following reasons:
(1) Diﬀerent methods are used to identify rising tone events. (2) Our study is based on an event study during a storm period, while Li et al. [2011b] included data with a variety of geomagnetic activities. Burtis and
Helliwell [1976] derived occurrence frequency of chorus waves >50% at some spatial bins in the morning and
dayside MLT. Their event selection was based on visual inspection of at least one discrete emission in each
sample of spectrograms for a period of 1 min. Rising tones were observed in 77% of their samples with discrete emissions. It is not straightforward to compare their results with ours. This is because their study is based
on statistics, while our results are based on burst samples during a single storm event, in which occurrence of
rising tone events is expected to increase. We also only examine rising tone events within chorus activities.
Taubenschuss et al. [2014] derived occurrence of chorus waves based on burst samples of Time History of
Events and Macroscale Interactions during Substorms data. The rising tones were found for 84% of the events,
while the falling tones comprise the rest of the 16%. The events were further categorized by the frequency
range and the propagation angle. Lower band chorus (f ∕fce < 0.5) with the propagation angle <40∘ have a
mode amplitude in the order of 5 ⋅ 10−3 nT/Hz1∕2 , which is the same as our criterion to pick chorus events.
In our study, we adopt the correlation analysis to pick rising tone events. One reason is that neighboring rising
tones sometimes overlap in time. These may well be identiﬁed by the correlation analysis. The occurrence of
the rising tones thus identiﬁed would be useful to quantify the portion of rising tones within the measured
wave activities and hence to estimate the generation and/or decay rate of radiation belt electrons during the
rising tone events in the future. Another point to be noted is that our study is based on the burst mode data
in which wave intensities tend to be larger than those in usual spectral matrix data due to the algorithm used
to trigger this mode. We have conﬁrmed this point by checking the operation status of the instrument during
our event and by comparing waveform burst data with spectral matrix data. Therefore, this could increase
the occurrence rate of chorus emissions in our analysis. These analyses support our conclusion that intense
chorus mostly consists of rising tones in our case study.
The frequency drift derived above might be aﬀected by dispersion during the propagation from the source
region to the spacecraft location. This is because the measurements were made not only at the equator but
also at locations away from the equator. In our data, the MLATs of the spacecraft locations were <3.8∘ or distances were <1700 km from the minimum magnetic ﬁeld surface, which are comparable to or smaller than the
spatial extent of the ﬂuctuating source region along the magnetic ﬁeld 1000–2000 km [Santolík et al., 2004]
so that the dispersion eﬀect may be negligible. The above idea is also supported by Breneman et al. [2009].
They analyzed multispacecraft measurements by Cluster and estimated that the dispersion is not signiﬁcant
compared to the source frequency drift in their events. The source regions were located ∼1 RE away from the
spacecraft locations, and these distances are larger than those for our events.
2.5. Electron Distribution Function
The electron phase space density from the HOPE instrument is used to calculate partial moments of hot electrons around the typical resonant energy (1–20 keV). The data analyzed were obtained at 1038:48.829 UT,
concurrent with the burst sample in Figure 2. The measured distribution at this time is shown in Figure 6 by
solid lines. Note that the energy is shifted by +11 V from the original one because the spacecraft has charged
to nontypical negative potential of −11 V, as measured by EFW, due to injection of energetic electrons. Thus,
the following moments are calculated: density Nh of 0.35 cm−3 , temperature Th of 4.4 keV, and perpendicular
to parallel temperature ratio Th⟂ ∕Th∥ of 1.4. This ratio indicates a pancake-like distribution. The distribution
function derived from these moments is overplotted in the ﬁgure by dashed lines, which is not so diﬀerent
from the measured distribution itself between the two vertical lines (1 and 20 keV).
MATSUI ET AL.
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Figure 6. Electron distribution function measured by HOPE at 1038:48.829 UT. The distribution function is shown for
omnidirectional, parallel, and perpendicular components. The measured values themselves are shown by solid lines,
while the values recalculated from the moments are shown by dashed lines. Moments are calculated in the energy
range between the two vertical lines (1-20 keV).

In addition, the following plasma parameters are derived using EMFISIS data and the MagEphem ﬁle: the magnetic ﬁeld strength Beq of 150 nT and the electron number density Ne of 7.8 cm−3 . Concerning the density, a
constant value has been assumed along a magnetic ﬁeld line, as done in Omura et al. [2008]. These parameters
are used for calculations described in the next section.

3. Theoretical Calculations
3.1. Inhomogeneity Ratio
In this section, we compare the observation results of quasi-ﬁeld-aligned chorus waves with a nonlinear theory on the inhomogeneity ratio S [e.g., Omura et al., 2008]. In order to derive this ratio, the equation of motion
is solved for electrons, resonant with whistler waves propagating along the inhomogeneous background
magnetic ﬁeld. The form of S is given as follows:
𝜉 c Ωe B 1
S=−
𝛿d Vt⟂ 𝜔 Bw Ω2e

{ (
[
) ]
}
(
)
2
𝛿d2 Ωe − 𝛾𝜔
k𝛾Vt⟂
𝜕Ωe
VR 2 𝜕𝜔
𝛾 1−
+
VR
,
− 1+
Vg
𝜕t
2Ωe
2 Ωe − 𝜔
𝜕z

(1)

where c is the speed of light, Vt⟂ is the perpendicular velocity of resonant electrons, Ωe is the electron cyclotron
angular frequency, 𝜔 is the angular frequency of the waves, Bw is the wave magnetic ﬁeld, 𝛾 is the Lorentz
factor, VR is the resonance velocity, Vg is the group velocity, k is the wave number, and z is the distance from the
magnetic equator. Quantities 𝜉 and 𝛿d are parameters for the dispersion relation of cold plasma and deﬁned
as follows: 𝜉 2 = 𝜔(Ωe − 𝜔)∕𝜔2pe and 𝛿d2 = 1 − (𝜔∕ck)2 . When S = −0.4, the magnitude of the resonant current
JE parallel to the wave electric ﬁeld maximizes, if we assume uniform phase space density inside and outside
the potential well around the resonance velocity, respectively. This case with the maximum JE corresponds to
the case with the maximum wave growth. We, therefore, take the value for S as −0.4.
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Since the measured waves are quasi–ﬁeld aligned, it is possible to compare a prediction from this equation
with the measured quantities: Bw = 0.13 nT, and 𝜕f ∕𝜕t = 3040±340 Hz/s at f = 1380 Hz. If we use these values
of Bw and f , the theory predicts 𝜕f ∕𝜕t = 3410 Hz/s, which is not much diﬀerent from the measurement. The
above comparison we have made is consistent with Omura et al. [2008], Cully et al. [2011], Kurita et al. [2012],
and Menietti et al. [2013], all of which veriﬁed the above relation for S. In our calculation of equation (1), the
ﬁrst term of the right-hand side dominates over the second term. Similar estimates for the frequency drift
were also suggested by Trakhtengerts [1999] and Trakhtengerts et al. [2004]. Note that the measured values
are calculated for one burst sample (1038:43.719–49.688 UT) and are averages of three correlation intervals
during which the conditions to pick ﬁeld-aligned rising tone events, discussed in section 2.4, are satisﬁed. We
also have used the spacecraft location at that time: the L shell of 5.5 and the magnetic latitude of 0.4∘ . Note
that the measured magnitude of the magnetic ﬁeld at L = 5.5 is lower than for a dipole ﬁeld, which may
be explained by storm time perturbations. Our calculation has used values based on the measurement. The
geomagnetic ﬁeld strength has been assumed to be a parabolic function of z around the equator, as adopted
in Omura et al. [2008]. Finally, the diﬀerence of 𝜕f ∕𝜕t between the measurement and the theory may be due
to the shift of S from −0.4. However, it is hard to show a deﬁnitive value of S from the measurement because
the wave power ﬂuctuates signiﬁcantly (see also the waveform in Figure 3).
3.2. Field Equation
Next we calculate the time evolution of a rising tone based on the ﬁeld equation [Nunn, 1974]. This equation
is derived from Maxwell’s equations with contributions from the cold-electron equation of motion and the
energetic-electron resonant current and is given as follows:
𝜇0 Vg
𝜕Bw
𝜕B
+ Vg w = −
J ,
𝜕t
𝜕z
2 E

(2)

𝜇 0 V g JB
𝜕𝜙
𝜕𝜙
+ Vg
=−
.
𝜕t
𝜕z
2 Bw

(3)

Here 𝜙 is the phase shift from the original value without a frequency variation: 𝜔0 t − ∫ k0 dz, where 𝜔0 and
k0 are the original values of each quantity. The term k0 includes spatial dependence due to the variable
background geomagnetic ﬁeld. The quantity 𝜇0 is the permeability in the vacuum and JB is the resonant current parallel to Bw . The currents JE and JB cause the shift of the amplitude Bw and the angular frequency 𝜔,
respectively, as seen from the above equation and are chosen as speciﬁed in Omura et al. [2009] and Omura
and Nunn [2011]:
)
(
Bw 1∕2 5∕2
JE = −(2e)3∕2
Vt⟂ 𝛿d QG,
(4)
mk𝛾
(
JB = −1.3(2e)3∕2

Bw
mk𝛾

)1∕2
5∕2

Vt⟂ 𝛿d QG,

(5)

where −e and m are the charge and rest mass of an electron, respectively, and Vt is the thermal velocity. In our
calculation, Vt is chosen from the measured value. Note that the above equations correspond to the case for
the inhomogeneity ratio S = −0.4. Therefore, this calculation is valid only in locations where the background
magnetic ﬁeld variation is not too large, namely around the equator. Otherwise, JE approaches 0 and the
waves do not grow under our assumption. Each current depends on the form G derived from the distribution
function f of hot electrons. The form f is chosen so that the particle distribution has a unit momentum in the
perpendicular direction. The forms of f and G are given as follows:
(

)

f u∥ , u⟂ =

Nh
(2𝜋)

G=

3∕2

Ut∥ Ut⟂

(
exp −

Nh
(2𝜋)3∕2 Ut∥ Ut⟂

u2∥

)

2
2Ut∥

(
exp −

𝛾 2 VR2
2
2Ut∥

)
(
𝛿 u⟂ − Ut⟂ ,

(6)

)
,

(7)

where v is the velocity, u = 𝛾v is the relativistic momentum per unit mass, Ut = 𝛾Vt , and 𝛿 is the Dirac delta
function. Note that the diﬀerence between 𝛾 and 1 is insigniﬁcant (𝛾 < 1.04) for the cases shown below.
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Figure 7. Time proﬁle of various quantities of chorus waves derived from our calculation. The quantities shown are (top)
the frequency f , (middle) the amplitude Bw , and (bottom) the frequency drift rate 𝜕f ∕𝜕t. The vertical dotted line
indicates the time when simulated values are similar to measured ones. The horizontal dotted lines are plotted to guide
this point further.

There is a free parameter Q in the equations of the resonant current. This parameter represents the depth of
the hole in the electron distribution function around the resonance velocity and is assumed to be 0.05. This
assumption will be discussed later.
As explained in detail in Appendix A, the ﬁeld equation is modiﬁed to a set of ordinary diﬀerential equations
in terms of time:
(
)
(
)
𝜇 0 d2
JB
𝜕 2 k d𝜔 2 𝜕Vg d𝜔
=−
Vg 2
−
(8)
Vg
,
dt
𝜕z dt
2 dt2
Bw
𝜕𝜔
𝜇 0 V g JB
dBw
=−
.
dt
2 1.3

(9)

In order to derive equation (8), the third derivative of the phase shift 𝜙 has been evaluated because the lower
order derivatives are null. This concept is similar to the previous calculations performed by Trakhtengerts et al.
[1999] which give the wave ampliﬁcation as a function of the third derivative of the phase. Note that the
quantities 𝜕 2 k∕𝜕𝜔2 and 𝜕Vg ∕𝜕z in equation (8) are considered to aﬀect the frequency drift. The former is a
higher-order diﬀerential term of the dispersion relation, while the latter is caused by the spatial inhomogeneity of the dispersion relation. These equations are solved in the frame moving with the group velocity of the
waves. The Runge-Kutta method is used for the numerical calculation, as described in Appendix A. The starting point of the simulation is set to the equator. We have performed calculations with various initial values:
f = 1100–1250 Hz, Bw = 0.005–0.08 nT, and Q = 0.01–0.2. In addition, various initial values of df ∕dt are tested
)|
(
|
in a range of an order around where |d∕dt Vg Jb ∕Bw | is smallest. Then we have picked an example which may
|
|
be similar to some features of the measurements, because we are interested in comparing measurements and
calculations. Initial parameters selected here are as follows: f = 1200 Hz, Bw = 0.06 nT, and df ∕dt = 8290 Hz/s.
The particle distribution is assumed to be constant in time and space. Thus, we computed a time proﬁle of
wave frequency and amplitude in the moving frame (Figures 7, top and 7, middle). Both quantities increase
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as the waves propagate in time. Variations of these are expected from the
ﬁeld equation when the resonant current is nonzero, as noted above. The
observed values of f and Bw are similar
to those simulated at the time indicated by the vertical dotted line.

Figure 8. Time proﬁles of various quantities derived from our calculation.
(top) Three types of heights, which are the distances from the equator. The
solid line corresponds to the height where the waves are located. The
dotted line corresponds to the critical height discussed by Omura et al.
[2008]. The dashed line shows Vg Ttr , where Ttr is a typical trapping period
of resonant electrons inside the potential well [Omura et al., 2008].
(bottom) Three types of frequency drift rates. The solid line shows df /dt.
The dotted line shows 𝜕f ∕𝜕t derived from the inhomogeneity ratio S, while
the dashed line shows 𝜕f ∕𝜕t derived from a comparison of two wave
packets closely separated in time.

Since we know the values of f and
Bw at each time, we may derive 𝜕f ∕𝜕t
using the form of the inhomogeneity ratio S (equation (1)). The calculated values of 𝜕f ∕𝜕t are plotted in
Figure 7 (bottom). As noted above,
the time close to the measured values of f and Bw is indicated by the
vertical dotted line. (Both these values are 1360 Hz and 0.13 nT, respectively, at this time in the ﬁgure, while
the measured ones are 1380 Hz and
0.13 nT.) The value of 𝜕f ∕𝜕t at this time
(3230 Hz/s) is similar to the measured
one (3040 ± 340 Hz/s). In our investigation of S in the previous section,
we have seen that this inhomogeneity
ratio is consistent with the measurement, so that the above result is what
we expect.

Next we estimate a typical timescale
for the chorus emission at a ﬁxed point
which mimics the measurement by a spacecraft moving slowly compared to the plasma. Note that our calculation has the constraint that each physical quantity is derived only once at each location because the reference
frame of the calculation is moving with the group velocity. Nonetheless, we try this estimation because spatial and temporal homogeneity may approximately hold within our simulation domain due to the following
three reasons:
1. We have picked constant values of the electron distribution function.
2. The spatial dependence of the dispersion relation is small in our calculation. For example, the group velocity
changes <0.1% at the highest and the lowest frequencies of the waves, respectively, in the simulated space.
3. The spatial derivative term in S (second term inside the curly braces in equation (1)) is smaller than the time
derivative term (ﬁrst term) in our calculation around the equator.
As demonstrated in Figure 8 (top) the waves, whose heights or distances from the equator are shown by a
solid line, propagate well below the critical height where the above two terms balance [Omura et al., 2008]
(dotted line). Note that the spatial derivative term in S is related to the inhomogeneity of the background ﬁeld,
while the time derivative term is related to the frequency drift of the waves so that this term is not directly
related to the spatial or temporal inhomogeneity.
We may ﬁnally compare 𝜕f ∕𝜕t and df ∕dt(= 𝜕f ∕𝜕t + Vg 𝜕f ∕𝜕z) (Figure 8, bottom). The quantity 𝜕f ∕𝜕t (dotted
line) is tenths of the quantity df ∕dt (solid line) except in the last interval. The timescale for the frequency shift
in the moving frame is in the order of 0.01 s, as can be seen in the width of the horizontal axis of the ﬁgure.
Therefore, the timescale for the frequency increase at a ﬁxed point may be tenths of seconds, which is not
much diﬀerent from the measured duration of several tenths of seconds. Note that the sign of 𝜕f ∕𝜕t and that
of Vg 𝜕f ∕𝜕z is the same in our calculation. This indicates the wave frequency increases at a ﬁxed time as the
distance from the source region or the equator increases. Although self-consistent simulations by Hikishima
et al. [2009] and Demekhov [2011] imply the opposite signs between these two, we did not get this in the
examples shown here. In these simulations, once the chorus elements are formed, they propagate without
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signiﬁcant changes in their f -t shape. This means that 𝜕f ∕𝜕t + Vg 𝜕f ∕𝜕z ∼ 0; that is, these two terms have
opposite signs. The simple model used in this study may be valid in a rather small near-equatorial region
where the elements are formed. Finally, the waves propagate and grow on the order of the trapping period
Ttr which is the typical oscillation period of electrons trapped by the wave ﬁeld. This is because the traveling
distance of the waves (solid line in Figure 8, top) is similar to the value Vg Ttr (dashed line) around the end of
the calculation. These two time scales may be similar [Omura and Nunn, 2011].
It is possible to calculate time proﬁles of two wave packets near the original one evolving from f = 1200 Hz
and directly derive 𝜕f ∕𝜕t by comparing the frequency of these packets at ﬁxed points. Here we performed
such calculations for wave packets which are ±5 ms shifted from the original one at the equator. Note that
the wave properties of such packets at the origin, the equator in our calculation, should be chosen so as
to satisfy the inhomogeneity ratio S (equation (1)). However, there remains a degree of freedom to choose
wave parameters even after the frequency is given. This is because there are two unknowns in this equation:
Bw and 𝜕f ∕𝜕t. If we choose 𝜕f ∕𝜕t slightly shifted from the original value by ∼2%, we have a solution (dashed
line in Figure 8, bottom) which is similar to the original value of 𝜕f ∕𝜕t (dotted line) within a few 10% by the
time the waves grow to the measured value (vertical line). We also have compared the 𝜕f ∕𝜕t derived from the
inohomogeneity ratio S evolving from f = 1150 Hz, preceding the original wave packet at f = 1200 Hz and that
from the direct comparison of two wave packets closely separated. The results are again the same as the case
with f = 1200 Hz. Note that there is a limitation in our calculation because it is not self-consistent. Nonetheless,
the similarity of 𝜕f ∕𝜕t derived from the two methods would imply that the order of the wave duration may
be estimated through the above calculation.
In our calculation, we have assumed negative signs for both JE and JB . The negative sign for JE is required in
order for the waves to grow according to the ﬁeld equation (equation (2)). If we take into account the inhomogeneity ratio S, the electron hole in the potential well is in favor of negative JE for waves nonlinearly amplifying
and propagating away from the equator [Omura and Matsumoto, 1982, and their Figure 8]. If there are electron holes, JB becomes negative, as inferred from the same ﬁgure, so that it is reasonable that both JE and JB
are negative. In addition, the values of JE and JB (equations (4) and (5)) have been speciﬁed so that S = −0.4.
Therefore, we have introduced information from the inhomogeneity ratio when solving the ﬁeld equation.
The two equations we deal with, the ﬁeld equation and the inhomogeneity ratio, are based on diﬀerent basic
equations. The former is derived from Maxwell’s equations with contributions from the cold-electron equation
of motion and the energetic-electron resonant current, while the latter is derived from the equation of motion
for resonant electrons. Therefore, the ﬁeld equation and the inhomogeneity ratio are independent of each
other. Combining these may make sense to apply further constraints to the calculation, such as the forms of
the resonant current and to derive quantities such as the partial time derivative of the frequency and the time
scale of the waves at a ﬁxed point, as discussed above.
Here we have simulated a situation near the equator because the waves are generated and grow there. This is
expected from previous measurements [Santolík et al., 2004] as well as our measurement of the bidirectional
Poynting ﬂux around the equator. In addition, the frequency dispersion due to the propagation would be
small near the generation region so that the comparison between measurements and simulations is easier.
There is a possibility that our calculation is consistent with the multispacecraft measurement made by Cluster,
in which the frequency range of chorus emissions may be diﬀerent at diﬀerent spatial locations [Gurnett et al.,
2001]. They suggested one of the possible reasons of this measurement as time evolution of the source region,
which is also simulated in our calculation. Note that this possibility was further conﬁrmed by measurements
made by the same spacecraft [Breneman et al., 2009].
We have assumed that Q = 0.05 in our calculation. In other words, the electron phase space density inside
the hole is 5% less than that outside the hole. If we choose a larger value of Q, the waves tend to grow too fast
because there is more free energy for wave-particle interactions. Vice versa, if Q is small, it is hard to amplify
the waves to the measured level. Therefore, we pick the value as above. Note that a self-consistent particle
simulation of the rising tones was performed using a one-dimensional electron hybrid code [Omura et al.,
2008]. Their results show phase space holes at most ∼10% smaller than their neighboring phase space density.
This small value of Q is comparable to our value.
It is possible to perform our calculation with other values of Q than the above (Figure 9). Here we show
two more examples with Q = 0.06 (dotted line) and 0.1 (dashed line) in addition to the calculation with
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Figure 9. Time proﬁles of the frequency f and wave amplitudes Bw of
chorus waves derived from our calculation. Results for Q = 0.05 (solid line),
0.06 (dotted line), and 0.1 (dashed line) are shown. The vertical dotted line
indicates the time when simulated values for Q = 0.05 are similar to
measured ones.
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Q = 0.05 (solid line). Note that the
other initial parameters than Q are the
same as the original calculation. The
time proﬁle is similar at the initial stage
of the calculation, although the diﬀerence becomes larger as the time proceeds. The wave amplitudes increase
for a larger value of Q, which is consistent with the cases with more free
energy of electrons as noted above.
Concerning the frequency, the calculated values at a ﬁxed time decreases
with increasing Q. Therefore, if we shift
the Q value, the calculated values do
not match with the observed ones at
the vertical line. However, there are
other sets of initial values for Q = 0.06
and 0.1 with which the wave properties become consistent with the measured values during their evolution.
It should also be noted that there is
a moderate diﬀerence between the
results for Q = 0.05 and 0.06, implying
that prediction of wave growth and
frequency drift is not so easy in our
simpliﬁed calculation.

In our calculation, the increase of the perpendicular temperature, leading to the temperature anisotropy, has
a similar eﬀect as the increase of Q (equation 4). However, the waves do not necessarily grow faster with the
enhanced anisotropy when the total temperature is conserved because the increase of the perpendicular
temperature leads to the decrease of the parallel one. The wave growth is not much related to the total time
derivative df ∕dt in the parameter range we examined. A possible reason is that the term df ∕dt is not directly
related to Vg JB ∕Bw but to d/dt(Vg JB ∕Bw ) (time derivative of equation (5)) and d2 ∕dt2 (Vg JB ∕Bw ) (equation (8)).
As already mentioned, there are limitations in our calculation. We have assumed here a simple form of
the electron distribution function such as the one with a single momentum in the perpendicular direction.
Such a distribution is assumed to be constant in time and space. Therefore, we may only be able to derive
gross features. The actual situation may be more complicated than what we have calculated. Nonetheless,
the numerical procedure performed is relatively simple because it is based on solving ordinary diﬀerential
equations. Here we have shown a case in which calculated values are similar to measured ones.
If we would like to reproduce a more detailed, realistic evolution of waves, the Vlasov hybrid simulation [Nunn
et al., 1997], the electron hybrid simulation [Katoh and Omura, 2006], the full particle simulation [Hikishima
et al., 2010], or the simulation for the BWO regime [Demekhov, 2011] would be required. In these cases, the
particle distribution may change consistently with the energy exchange due to the wave-particle interaction,
which is not the case in our calculation.
3.3. Backward Wave Oscillator Model
It is also possible to compare the measured quantity with that derived from the BWO model [Trakhtengerts,
1995] as performed in previous studies [Trakhtengerts et al., 2004; Macúšová et al., 2010; Tao et al., 2012a; Titova
et al., 2012]. One dimensionless parameter of the BWO theory is qBWO as speciﬁed in Titova et al. [2012]. Here
we have converted their original value to the SI unit:
qBWO =

𝜋𝜇0 e2
V
2m g

(

lBWO
Vst

)2
bNh

∫

v⟂3 F ∗ dv⟂ ,

(10)

where lBWO ∼ 1.76(2𝜋R2E L2 ∕6k)1∕3 is the typical length of the wave generation region, Vst is the parallel velocity
of resonant electrons corresponding to the step, b is the relative height of the step in the distribution function,
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and F ∗ is the distribution function at v∥ = −Vst . The quantity qBWO is related to the frequency drift rate with
the following relation:
(
)2
( )2
(
)2
2 𝜕f 2
1
1
1∕2
−1∕3
lBWO
+
.
(11)
qBWO − qBWO = 3
𝜋
𝜕t
Vg Vst
If we put the measured values to equation (11), qBWO is estimated as 77. This value may be reproduced from
equation (10) and measured electron moments when we assume b as 6% and the Maxwellian distribution
for F ∗ . The estimated step value is close to the depth 5% of the hole used in the calculation in the previous
section. Note that there is some ﬂexibility in this calculation. If we put the frequency of 1200 Hz, which is close
to the initial rise of the frequency drift, instead of 1380 Hz as used above, the step is estimated to be 0.15. This
value is similar to that assumed by Trakhtengerts et al. [2004], which is 0.17.

4. Summary and Conclusions
We have analyzed a chorus event measured by the Probe B during the main phase of a geomagnetic storm on
1 November 2012. The measured quantities are then compared with the theoretical ones in order to examine
whether the measured waves are nonlinear. Concerning our observation, the amplitude of chorus waves is
comparable to that of past simulation results of nonlinear waves [e.g., Omura et al., 2008; Tao et al., 2012b].
Furthermore, the amplitude is sometimes as large as or larger than that of ULF waves, implying the importance
of chorus waves on the wave-particle interaction in terms of the energy budget. The occurrence of the rising
tones is quite common within the analyzed events with wave activities. Since the rising tones are known as
a signature of nonlinearity, the majority of such wave activities could be nonlinear, at least during the burst
mode on this particular orbit. Next, the measured quantities such as frequency, amplitude, frequency drift
rate, and duration of the rising tones are compared with the theoretical ones. The measurements are similar
to predictions from the theory on the inhomogeneity ratio discussed in Omura et al. [2008], our calculation
based on the ﬁeld equation [Nunn, 1974], and the BWO theory [Trakhtengerts, 1995; Demekhov, 2011; Titova
et al., 2012]. This supports the idea that the waves are nonlinear.
This study is based on an event analysis for a particular storm. As future work, we may look for more rising
tone events and compare them with theories in more detail. The comparison with radiation belt electrons is
envisaged so that the ﬁnal goal is to understand and predict the generation and loss of these electrons.

Appendix A: Solving the Field Equation
We ﬁrst modify the form of the ﬁeld equation related to JB (equation (3)), because it is not simple to derive
the phase shift 𝜙 from measurements. Here 𝜙 may be given as 𝜙 = ∫ 𝜔1 dt − ∫ k1 dz, where 𝜔1 and k1 denote
the shift from the original 𝜔0 and k0 , respectively. In the frame moving with Vg , the following relation holds:
dz = Vg dt. The phase shift is thus rewritten as 𝜙 = ∫ (𝜔1 − Vg k1 )dt. We calculate the time derivative of 𝜙 in
this frame:
d𝜙
= 𝜔 1 − Vg k1 .
(A1)
dt
The third-order time derivative of 𝜙 may be then derived as follows:
(
)
d2 Vg
d3 𝜙
𝜕 2 k d𝜔 2 𝜕Vg d𝜔
−
k
=
V
−
.
g
1
𝜕z dt
dt3
𝜕𝜔2 dt
dt2

(A2)

In an inhomogeneous plasma, the time derivative of Vg = Vg (𝜔, z) is the following:
dVg
dt

= −Vg2

𝜕 2 k d𝜔 𝜕Vg
+
V ,
𝜕z g
𝜕𝜔2 dt

(A3)

which is used to calculate the above d3 𝜙∕dt3 . The last term in the right-hand side of equation (A2) includes
a small term k1 and is thus neglected. The ﬁeld equation related to JB (equation (3)) may be ﬁnally given
as follows:
(
)
(
)
𝜇 d2
J
𝜕 2 k d𝜔 2 𝜕Vg d𝜔
= − 0 2 Vg B .
Vg 2
−
(A4)
dt
𝜕z dt
2 dt
Bw
𝜕𝜔
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Concerning the ﬁeld equation related to JE (equation (2)), we rewrite this using the total derivative form of Bw
and the relation JE = JB ∕1.3 derived from a comparison between equations (4) and (5):
𝜇 0 V g JB
dBw
=−
.
dt
2 1.3

(A5)

)
(
Next we solve the modiﬁed form of the ﬁeld equation numerically for 𝜔, Vg JB ∕Bw and d∕dt Vg JB ∕Bw . We
advance each time step with time derivatives of these quantities. The time evolution is thus calculated using
the Runge-Kutta method. In addition to the ﬁeld equation, a formula of Vg JB ∕Bw , based on equation (5), and its
time derivative are introduced, from which, if two of 𝜔, Bw , and Vg JB ∕Bw (or their time derivatives) are known,
)
(
the other may be derived. At the ﬁrst step, we do not know d∕dt Vg JB ∕Bw so that the calculation is diﬀerent from subsequent steps. Here d𝜔∕dt is assumed to take some value. This value is picked around where
)|
(
|
|d∕dt Vg JB ∕Bw | is smallest.
|
|
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