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Abstract.

We develop a Bayesian spectral analysis technique that cal-

culates the probability distribution functions of a superposition of wave-modes
each described by a linear growth rate, a frequency and a chirp rate. The Bayesian
framework has a number of advantages, including 1) reducing the parameter space by integrating over the amplitude and phase of the wave, 2) incorporating the data from each channel to determine the model parameters
such as frequency which leads to high resolution results in frequency and time,
3) the ability to consider the superposition of waves where the wave-parameters
are closely spaced, 4) the ability to directly calculate the expectation value
of wave parameters without resorting to ensemble averages, 5) the ability to
calculate error bars on model parameters. We examine one rising-tone chorus element in detail from a disturbed time on November 14, 2012 using burst
mode waveform data of the three components of the electric and magnetic
field from the EMFISIS instrument on board NASA’s Van Allen Probes. The
results demonstrate that sub-elements are likely composed of almost linear
waves that are nearly parallel propagating with continuously changing wave
parameters such as frequency and wave-vector. Between sub-elements the
wave parameters of the dominant mode undergoes a discrete change in frequency and wave-vector. Near the boundary of sub-elements multiple waves
are observed such that the evolution of the waves is reminiscent of wave-wave
processes such as parametric decay or nonlinear induced scattering by particles. These nonlinear processes may affect the saturation of the whistlermode chorus instability.
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1. Introduction
Whistler mode chorus waves play an important role in the dynamics of the Earth’s
outer radiation belt. In particular, they can pitch angle scatter electrons into the loss
cone [Tsurutani et al., 2009], but perhaps more importantly they can energize electrons
to relativistic energies [Foster et al., 2014; Turner et al., 2013; Meredith et al., 2002]. The
mechanism of electron acceleration has been investigated using stochastic diffusive models
(Quasilinear Theory)[Thorne et al., 2013; Horne et al., 2003] and coherent nonlinear waveparticle interaction mechanisms [Tao et al., 2013; Kato et al., 2008].
A complete theory of chorus is still unsettled. There have been several theories to explain
the frequency chirping mechanism and nonlinear growth, namely, trapping of electrons in
parallel propagating whistler plane waves [Omura and Nunn, 2011], nonlinear evolution of
sharp phase space gradients in counter-propagating whistler waves [Trakhtengerts et al.,
2004], a model based on a free-electron laser [Soto-Chavez et al., 2012], and the evolution
of a hole and clump [Soto-Chavez et al., 2014]. The saturation of the nonlinear growth
has not been studied as much. However, a theory for the saturation is important since
the saturated amplitude controls the energization timescales. The work presented in this
paper is motivated by the idea that the fine structure of chorus gives evidence for the
physical saturation mechanism of whistler mode chorus wave growth.
Several previous studies have investigated the fine structure of chorus. Tsurutani et al.
[2009] investigated the fine structure of dayside outer zone chorus using GEOTAIL observations. Tsurutani et al. [2009] used the terminology that we follow in this paper. A
single burst that changes in frequency (typically rising) and has a modulated amplitude
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is an ”element”, a collection of rising-tone elements is an ”event”, and an individual modulation of an element is a ”sub-element”. Santolı́k et al. [2003b] used data from Cluster
to investigate the spatio-temporal characteristics of chorus near the source region. This
work is closest to our present work. He used a parametrized model to obtain higher
frequency-vs-time resolution in order to estimate the delay time of chorus elements between the different spacecraft. He found that while the overall structure of an element
was similar across different spacecraft the sub-element structure was different. Santolı́k
et al. [2014] used a Hilbert transform technique on data from the EMFISIS instrument on
board the Van Allen Probes to investigate the sub-element structure of chorus over many
elements. This method gives an estimate of the instantaneous frequency assuming a single
oscillation is present from which they investigated many properties of the waves such as
wave-normal direction. They used this method to develop statistics of the sub-elements
over an event.
Most studies of chorus have traditionally relied on short-time fast Fourier transform
(FFT) methods, which indicate a rising tone (and sometimes falling tones, or more complicated frequency-vs-time structures). However, FFT methods, while simple to use,
have several limitations. They assume a periodic and stationary frequency, they have a
frequency-time resolution limited by the uncertainty principle and thus cannot determine
the presence of multiple closely spaced frequencies, and they consider only one channel of
data at a time (or an agglomeration). However, chorus is not stationary. It is bursty and
has complex frequency versus time dynamics. It is often the case that chorus elements
overlap in time as well. In this paper we will develop a Bayesian spectral analysis which
allows us to assume a more general model of the time series. It also allows us to use all
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channels of available data to make a spectral estimation of the model parameters, which
allows us to use shorter time windows while still retaining great frequency accuracy. It
makes no assumptions about how many plane waves are present, and thus leads to a finer
frequency resolution than FFT methods, and will produce no artifacts in the power spectrum. It is well known that a chirping wave will produce what appears as sidebands in a
short-time FFT. FFT methods have a Bayesian interpretation which we review in section
3, and we make some effort to explain these Bayesian spectral methods as an extension of
FFT based methods. The Bayesian approach gives the ability to directly calculate the expectation value of wave parameters without resorting to the concept of ensemble averages.
This is important because methods of determining the wave-vector direction rely on ensemble averages which are poorly defined for spacecraft measurements of non-repeatable
observations. Wave vector directions are important quantities to discriminate between
different theoretical models. Bayesian methods also offer a straightforward procedure to
calculate error bars on model parameters which can be applied to Bayesian spectral techniques as well. Error bars are often not reported for other methods of spectral estimation
such as the FFT.
The outline of our paper is as follows. In section 2 we briefly describe the waveform
data we will be using. In section 3 we derive the Bayesian spectral analysis technique that
we will use. In section 4 we give an example of how we apply this data to a single time
interval. Then in section 5 we apply this method using a sliding window across a chorus
element. Finally in section 6 we offer some conclusions.

2. Data Description
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Our analysis technique requires access to waveform data, therefore we will focus on
burst mode data from EMFISIS [Kletzing et al., 2013], which provides samples of three
orthogonal components of both the electric (Eu , Ev , Ew ) and magnetic field (Bu , Bv , Bw )
vectors at a rate of 35000 samples per second in the rotating spacecraft frame. We have
chosen one lower-band chorus element recorded by Van Allen Probe A on 14 November
2012 after 14:00 UTC to investigate in detail. The method presented gives similar results
for all elements that we have tested, which includes all of the elements from this event as
well as several elements from the 28 February 2014 storm near 1:30 UTC. The results are,
by inspection, similar to the results presented in this paper, namely that (1) the first subelements consist of one chirping mainly parallel propagating wave, (2) there are discrete
changes of wave parameters across sub-element boundaries, (3) the evolution is threedimensional, (4) the structure of the sub-elements after the first are quite complicated.
However, a statistical analysis of many elements is beyond the scope of this first paper.
The GSM coordinates of spacecraft A were (x, y, z) = (6944.5, −33791.4, −188.0) km,
which corresponds to an L-shell of about 5.9, a magnetic dipole latitude (λm ) of -2.4◦ ,
and a 0650 MLT. This is the same time period considered by Santolı́k et al. [2014]. In the
top panel of Figure 1 we plot the log of short-time power spectrum of the BU component of
the magnetic field waveform sampled at 35 kHz. All of the short-time Fourier transforms
in this paper use a square window with a size of 1024 samples and an overlap of 70%
unless otherwise noted. This panel shows the single chorus element that we analyze in
detail in this paper (shown in the box) as well as wave context for this data.

3. Bayesian Spectral Analysis Technique
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We follow Bretthorst [1988] and start with Bayes’ theorem,
P (H|D, I) =

P (H|I)P (D|H, I)
P (D|I)

(1)

where P (H|D, I), called the posterior, is the probability of the hypothesis, H, given the
data D and any prior information I. P (H|I), called the prior, is the probability of the
hypothesis given only the prior information. P (D|I) is the prior probability of the data
and will always be absorbed into a normalization. P (D|H, I) is the direct probability, or
likelihood, of the data, given the hypothesis and the prior information. This probability
must be specified analytically. It will depend on the model we choose and thus will
have parameters (such as frequency, growth rate, and frequency chirp, etc.) that can be
estimated with the data. In Figure 2 we give a brief outline of the detailed calculations
to follow.
3.1. Form Likelihood Function
EMFISIS returns 6 channels of burst mode data D = {di0 , ...diN −1 }, corresponding to di0 = (Bu (t0 ), Bv (t0 ), Bw (t0 ), Eu (t0 ), Ev (t0 ), Ew (t0 )) recorded at discrete times
{t0 , ..., tN −1 } and where i = 0, ..., 5 labels the channels. We develop model functions
f i (t) for each channel of data such that,
dij = f i (tj ) + eij

(2)

where eij is the noise, or residual between the model and the data, in each channel. In this
paper we choose specific forms of model functions, inspired by theoretical perturbative
plasma physics,
f i (t) =

M
−1
X

ain eγn t cos(ωn t + αn t2 ) + bin eγn t sin(ωn t + αn t2 )

(3)

n=0
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where the sum over n allows for M closely spaced (in parameter space) wave modes.
The ain and bin contain the amplitude and phase information for each wave mode for each
channel of data. γn is the growth/damping rate, ωn is the frequency, and αn is the chirp
rate for the nth wave mode. Each channel of data is assumed to contain the same spectral
content only with differing amplitudes and phases.
The next step is to model the probability distribution of the noise. Bretthorst [1988]
showed that taking the noise to be described by a Gaussian distribution was the least
biased choice. Thus, assuming that the noise in each channel is independent and uncorrelated we can use the product rule of probability to write,
P (ei0 , ..., eiN −1 |σ i , I) ∝

N
−1 Y
5
Y
j=0 i=0

1
1
√
exp −
2
2πσ i



eij
σi

2 !
(4)

where the probability is dependent on the the residual at each time and in each channel.
The difference between the data and the model is just the noise, then the direct probability
of the data given the model parameters is,
P (D|ain , bin , γn , ωn , αn , σ i , I) ∝

N
−1 Y
5
Y
j=0 i=0

1
1
exp −
i
σ
2



dij − f i (tj )
σi

2 !
(5)

The products over the discrete time may be converted to summations inside the exponential, so that
P (D|H, I) ∝

5
Y
i=0



1
N Qi
exp −
(σ i )N
2(σ i )2

(6)

where H stands for the parameters in our model and
2

Qi = d̄i −

N −1
N −1
2 X i i
1 X i
dj f (tj ) +
f (tj )2
N j=0
N j=0

(7)

and
2
d̄i

N −1
1 X i 2
=
(d )
N j=0 j

(8)
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equation (6) is the likelihood and takes into account no prior probability. We could use this
equation to find the parameters that maximize the likelihood, as is often done. However,
we may proceed with a Bayesian posture and reduce our parameter space considerably to
ease our numerical calculations.
3.2. Use Bayes to Eliminate Amplitude and Phases
In performing a spectral analysis, our focus is on the parameters γn , ωn , αn and thus
we would like to treat the parameters an and bn as nuisance parameters. Bayes’ theorem
allows us to convert a likelihood to a posterior probability, P (an , bn , γn , ωn , αn |D, σ i ) and
then integrate over the nuisance variables an , bn so that we arrive at a probability distribution function that is independent of the amplitudes and phases. Thus, to calculate
this we assume uniform priors for an and bn , which means that we assume that an and bn
could take on any value with equal probability, and integrate over all of the an and bn ,
i.e.
i

Z

∞

P (γn , ωn , αn |D, σ ) =

Z

∞

da0 ...
−∞

Z

∞

Z

daM −1
−∞

∞

db0 ...
−∞

dbM −1
−∞

5
Y
i=0



1
N Qi
exp −
(σ i )N
2(σ i )2
(9)

These integrals can be performed through a semi-analytic technique which is described in
appendix A. With this accomplished the integrals in equation 9 yield,
P (γn , ωn , αn |D, σ i ) ∝

5
Y
i=0

2

1
(σ i )N −2M

N d̄i − 2M h̄i
exp −
2(σ i )2

2

!
(10)

where,
2

h̄i =

2M −1
1 X i 2
(h )
2M j=0 j

hij =

N
−1
X

dik Hj (tk )

(11)

k=0

and the functions Hj (t) are defined in appendix A.
3.3. Use Bayes to Eliminate Noise Variance
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If we know the standard deviation of the noise in each channel, for example from extensive ground testing, then this expression is the result we seek. However, if we do not, we
may treat the σi as an additional nuisance parameter. As before we can eliminate it using
Bayes’ theorem to calculate the posterior probability P (γn , ωn , αn , σi |D) by multiplying
the likelihood by the prior. Jeffrey’s prior (1/σ i ) is the appropriate least biased prior
distribution for scale independent parameters such as these [Bretthorst, 1988]. We may
then integrate over the noise variance, eliminating the parameter, which results in a form
that resembles the ”Student t-distribution”, i.e.
"
# 2M2−N
2
5
Y
2M h̄i
P (γn , ωn , αn |D) ∝
1−
2
N d̄i
i=0

(12)

In the rest of the paper this is the probability distribution function that we use. By
finding the global maximum of this function we can determine the most likely values of
the parameters, and by sampling the shape of the distribution near these maxima we can
estimate error bars. In the next section we give a detailed example of how such an analysis
may be performed for a single time-window.
It is important to point out that this analysis can be applied to any model function
(equation 3) that can be made orthogonal on the given grid in time. For example, if
one were to treat each channel of data as independent processes and choose f i (t) =
Ai cos(ωt) + B i sin(ωt), then equation (10) can be shown to lead to P (ω) ∝ exp(C(ω)/σ i )
where C(ω) = 1/N |

PN −1
j=0

dj ejωt |2 which shows that the discrete Fourier transform is

related to the probability of finding a given frequency [Bretthorst, 1988].

4. Example Application of Analysis Technique
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In appendix B we apply this analysis technique to artificially generated signals to demonstrate the accuracy of the technique on a known signal. Now let us consider a single data
window in time of length 512 which is about 14.6 ms of data which would correspond to
a frequency resolution of about 68.4 Hz. In Figure 3 we plot the magnetic and electric
field samples in this window. In the bottom panel we plot the probability distribution
function (un-normalized), i.e. equation 12, using all 6 channels of data with model functions f i (t) = Ai cos(ωt) + B i sin(ωt). These model functions have only a single model
parameter (frequency) and thus it is the closest Bayesian equivalent to a multi-channel
FFT, where we treat the noise in each channel as a nuisance parameter. We will refer to
these plots as the multi-channel periodogram.
Next, we choose model functions of the form equation 3, and limit the analysis to a single wave (M = 1). The resulting probability distribution function (equation 12) is now a
function of three parameters (γ0 , ω0 = 2πf0 , α0 = 2πa0 ). We then use a global basin hopping algorithm [Oliphant et al., 2001; Wales and Doye, 1997] to search through this three
dimensional space for the values that maximize the probability. We also use the MarkovChain Monte-Carlo (MCMC) method to sample the function (equation 12) efficiently. To
perform this sampling we use the emcee package [Foreman-Mackey et al., 2012], which
returns a list of the model parameters (samples) with values that are distributed according
to the probability density function. Calculating the standard deviation of these samples
provides a good estimate of the error bars on the fit. This analysis shows that the growth
rate with maximum probability is γ = 47 ± 1 Hz, the frequency is f0 = 680.8 ± 0.9 Hz,
and the chirp rate is a0 = 950 ± 60 Hz/s. We note that this analysis gives an error bar on
the frequency of a couple of Hz which is much smaller than the FFT resolution for this
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time-period. The results of the MCMC sampling can be displayed graphically as well, to
reveal more features, using a corner plot [Foreman-Mackey et al., 2016], as in Figure 4.
We see that the frequency and chirp rate are correlated as one would expect.
Up to now we have found it advantageous to integrate out the dependence on the nuisance parameters (σi2 , an , bn ). However, these parameters are also important to estimate.
To obtain an estimate of the expectation value of a parameter we return to the likelihood
function computed in equation 6. Then we use Bayes’ theorem to convert the likelihood
to a posterior probability of the parameter, using the same prior we used before. Thus
we have a probability distribution function of our parameter from which we can compute
a moment to get an expectation value. For example, eliminating σi2 , the noise in each
channel, we used a Jeffrey’s prior 1/σi . Jeffrey’s priors are used as uninformative priors for
scale parameters [Bretthorst, 1988]. Thus we multiply the likelihood (equation 6) by 1/σi ,
which gives a probability distribution. Then we multiply by σi2 and integrate over all the
σi . Then we must normalize the likelihood function, to obtain a calibrated expectation
value. We then have an expectation value that depends on the model parameters, which
we can estimate by using parameters we found by maximizing the probability. Carrying
this out (See [Bretthorst, 1988] for details), we find,
"
#
i2
N
m
h̄
2
σi2 =
d̄i −
N −M −2
N

(13)

with a single wave we find the noise variance hσi2 i for the three magnetic field channels
is (0.0029, 0.00043, 0.0026) nT2 which corresponds to a noise amplitude of (54, 21, 51) pT
and for the electric field channel is (7.4·10−8 , 1.·10−6 , 2.1·10−7 ) (V/m)2 which corresponds
to a noise amplitude of (0.27, 1.0, 0.46) (mV/m). We can also estimate the signal to noise
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ratio,
"
Signal
m
=
Noise
N

2

h̄i
1+ 2
hσi i

!#1/2
(14)

of each channel to find (2.4, 5.5, 3.2) for the three magnetic field channels and
(4.9, 1.8, 0.58) for the three electric field channels. Note that the signal to noise ratio
is significantly worse for the EW channel as one may expect (discussed further below).
We can now follow the same general procedure to calculate the expected values of the
amplitude and phase parameters. To do this we multiply equation (6) by the Aik , integrate
over the Aik , and normalize it. The result is that the expected value,
hAik i = hik
and to convert this from the orthonormal variables, hBki i =

(15)
P2M −1
j=0

p
hAij iejk / λj , and thus

the expected value of the amplitudes and phases (ain and bin ) of our model functions are
estimated by using the model parameters (γn , ωn , αn ) found by maximizing the probability.
Note that this is the result one would expect, recalling that we are expanding the data
on an orthonormal set of vectors.
From the amplitude and phase information we can calculate many more things. A
particularly useful quantity to estimate is the direction of propagation. Here we use the
magnetic SVD method Santolı́k et al. [2003a] which is based on the spectral matrix,
D
E
∗
Ŝij = B̂i B̂j

(16)

where B̂i are the complex Fourier coefficients of the magnetic field measurements and
the angle brackets refer to an ensemble average. Here is a place where Bayesian spectral
techniques shine. An ensemble average is simply the expectation value, and since we have
a probability distribution function we can calculate this without referring to some kind of
c 2017 American Geophysical Union. All Rights Reserved.

arbitrary averaging procedure (such as averaging nearby FFT coefficients). To arrive at
the necessary spectral matrix in our formalism, we must repeat the process used to derive
equation (15) but use the second order moment. Doing this we find,
Aik Ajl = Aik

Ajl +



h
N
2N − 5
2N − 7
m 2i
2
d̄i − h̄i δij δkl (17)
N − 2 2N − 5 − 2m 2N − 7 − 2m
N

where δij is the Kronecker delta function. The correction term to the diagonal components
is, in the large N limit, related to the noise variance σi2 of the channel which is small
compared to the first term. Once this matrix is known we may convert it from the
orthonormal variables to the hBki Blj i coefficients and ultimately the ain and bin coefficients.
Then we can estimate the components of the magnetic field to be used in the spectral
matrix, B̂ni = ain + ibin which may then be calibrated using the frequency dependent
complex calibration data and finally used to calculate Sijn for each wave index n. Following
this procedure for the first wave we find a wave-normal angle of 165.9 degrees, meaning
the wave-vector is pointing close to anti-parallel to the magnetic field. We determine the
sign of the k vector by using the electric field components. The SVD method also gives
the angle that k makes around the magnetic field, which can be useful for diagnosing some
nonlinear wave-wave interactions. We report all of these angles in a coordinate system
that is not spinning, so that the evolution of this angle as a function of time is due to
the estimate of the k direction and not the spinning spacecraft. With these two angles,
and the background magnetic field value of 147.5 nT (taken from magnetometer data)
and plasma density of 5.5/cc (taken from the level 4 data product and determined by the
upper hybrid resonance frequency [Kurth et al., 2015]) we may use cold plasma theory
[Stix , 1992], i.e.  · E = 0, to compute the theoretical electric (EuT , EvT , EwT ) and magnetic
c 2017 American Geophysical Union. All Rights Reserved.

field (BuT , BvT , BwT ) polarization vectors. We use the u component of the observed magnetic
field to set the normalization of the theoretical polarization vectors. Thus we can define,
bv =

Bv
BvT

bw =

Bw
BwT

eu =

Eu
EuT

ev =

Ev
EvT

ew =

Ew
EwT

(18)

where bu = 1 by definition. Then the magnitude and phase of these components are
a comparison to cold plasma theory. Doing this we find, that for bv the magnitude is
within 1% and the phase difference is about 0.5 degrees. For the bw component the
magnitude is within 8% and the phase difference is less than 2 degrees. The electric field
components are much different than their theoretical predictions. The magnitudes are
eu , ev , ew = 0.575, 0.568, 0.073 and the phase difference is, −3.42, 2.91, 58.9 degrees. The
magnetic field measurements and Bayesian analysis are very consistent with linear cold
plasma theory despite this mode clearly having a frequency that rises in time. The electric
field measurements from the two similar electric field probes, eu , ev , are about 60% of their
predicted theoretical value without a significant phase delay. This result is in agreement
with Hartley et al. [2015] who found that for large amplitude chorus the amplitude of the
electric field components could be underestimated by a factor of two using a large-scale
conventional statistical analysis. The large difference in ew is likely due to effects discussed
below. In a future work we will look into this in more detail. We can also calculate the
energy density of the wave [Stix , 1992], i.e. W = 1/(8π)(B · B + E · ∂/∂ω(ω) · E)
including the magnetic, kinetic, and electric energies. The wave energy density is an
important physical quantity which has been recently applied to space data [Artemyev
et al., 2015].Where we use the estimated E, B and ω parameters and the computed θ to
compute the cold plasma dielectric tensor . For this wave we find the mode has an energy
density of 0.23 − 0.9 · 10−12 ergs where the first number represents the energy density at
c 2017 American Geophysical Union. All Rights Reserved.

the beginning of the window and the final number the end of the interval. This mode is
growing.
With the amplitude and phase of a single wave known we may then generate a synthetic
time series and subtract this from the original time series (in effect removing the signal
describable by the model) and examine the residual time series. In Figure 5 we plot the
residual. There is clearly more real signal left with a peak in the residual multichannel
periodogram near 1.2 kHz. In fact there is a second rising tone chorus element at a higher
frequency as can be seen in the detailed spectrogram in Figure 7. We can proceed by
increasing the number of waves to two. Then we find that the parameters that maximize
the probability are γ = 45.2 ± 0.7 (1/s), f = 678.3 ± 0.5 Hz, 1.10 · 103 ± 3 · 101 Hz/s for
the first wave. Note that the most likely parameters of the first wave have shifted slightly
by expanding our model. For the second wave we find γ = −78 ± 2 (1/s), f = 1224.4 ± 1
Hz, 3.3 · 103 ± 1 · 102 Hz/s. The corresponding two wave corner plot is not shown here
for brevity. It is similar to Figure 4 but with twice as many variables.. The computed
wave-normal angle for the first wave has not changed, nor has it’s azimuthal angle. The
new wave has a wider wave normal angle of 131 degrees but a similar azimuthal angle to
the first wave. We can now plot the residual of the two wave model from the original data
in Figure 6 to see that there is still real signal present.
In Table 1 we show the computed wave parameters found by maximizing the probability
distribution function of various numbers of wave modes. In this table the final column
presents the wave energy density of the particular wave mode with a range presented.
The range is due to the growth rate of the wave. The first number represents the energy
density at the beginning of the time-interval and the second number corresponds to the
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end of the time interval. It is comforting that the wave-parameters are relatively stable as
we consider more wave modes in the model signal. Less comforting are the wave modes
with growth rates that are large in magnitude. Note that a growth rate of 100 (1/s)
corresponds to an amplitude change of a factor of 4 over the time window, and a growth
rate of 200 (1/s) corresponds to an amplitude change of a factor of 20 over the time
window. For this time window almost all of the energy density is contained in the the
wave-mode with a frequency hear 680 Hz and its harmonic at 1224 Hz. The growth rates
of these wave modes is reasonable and consistent with examining the time-series by hand.
The physical meaning of the small amplitude solutions is not known at this time.
In Table 2 we give the noise variance in the different channels calculated from fitting
a different number of wave modes. The noise variance is monotonically decreasing as we
increase the number of waves in every channel except for the Ew channel. In Table 3 we
give the signal to noise ratio, which increases with the number of waves fit. This table
indicates that the Ew measurements are contributing very little to the determination of
the wave-parameters. This was taken care of automatically by the analysis method, i.e.
the analysis method did not know that the booms used to measure Ew are shorter than
the others or that the sun illuminates these booms non-uniformly [Wygant et al., 2013]. In
Table 4 we compare the observed amplitude and phase of each channel with the theoretical
cold plasma polarization vectors. Somewhat surprisingly, all of the wave modes have
magnetic field amplitudes and phases within rough agreement with cold plasma theory,
suggesting that the observed fluctuations are well described by a mostly linear theory with
chirping frequencies. Note that the electric field measurements are consistently less than
the theoretical predictions (excluding Ew ). We note that the consistent underestimate of
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the electric field compared to theoretical results could be due to the formation of a plasma
sheath around the spherical double probes of the EFW instrument that can attenuate the
output voltage [Hartley et al., 2016]. In a future work, this effect could be included in the
model function directly as part of the Bayesian spectral analysis.

5. Application of Analysis Technique to a Rising Tone Chorus Element
In Figure 7 (top) we plot the detailed power spectral density for the chorus element
observed by Van Allen Probe A on November 14, 2012. In the bottom panel we show the
corresponding time series. From this plot we can see that the individual chorus element
comes in the form of a series approximately 9 sub-elements which we have denoted the
boundaries by a vertical grey line. We determined these boundaries by looking at the
minimum of the instantaneous amplitude obtained from the discrete Hilbert transform.
To perform a Bayesian spectral analysis of this chorus element we choose a window size
of 256 samples and shift this window forward in time by 19 samples. For each window,
we perform an automated version of the analysis presented in section 3. To choose the
guess values of the parameters we divide the window into two halves and compute the
periodogram for each, by tracking the change of frequency with the peak probability we
can estimate the frequency and chirp rate. We can also estimate the growth rate by the
change in the magnitude. We continue to add waves in this manner until, we have reached
a threshold in the mean of the Noise Variance for all the magnetic field channels. For
this case we chose the threshold to correspond to 5 · 10−5 nT2 . The goal in choosing this
threshold is that it should be large enough that you are not fitting noise but small enough
to attempt to model most of the signal. The results we present in this paper are not
overly sensitive on this choice. In Figure 8 we plot the number of waves found in each
c 2017 American Geophysical Union. All Rights Reserved.

time window and the RMS amplitude of the magnetic and electric field fluctuations. For
this noise threshold we typically find 2-3 waves that describe the chorus elements.
Figure 9 is a summary plot of the results that uses several aspects of the resulting
analysis. We plot frequency vs time. We do this by computing the instantaneous frequency
using the chirp rate which gives a linear function over the given time window. We plot
dots where the intensity of the color is scaled by the instantaneous wave energy density
where the instantaneous energy density is calculated as exp(2γ(t − tw ))W We also provide
the boundary of the sub-elements as vertical grey lines. What we find is that the analysis
finds both the main chorus element and the ”chirplet” at higher frequency and early time.
Note that the chirplet is at approximately twice the frequency of the first sub-element
suggesting the possibility of nonlinear harmonic generation. In general, the beginning of
the main chorus element can be well described by a single chirping plane wave that is
well described by cold plasma theory, but near the boundaries of the sub-elements we
find discrete changes in the frequency and the presence of multiple waves as the element
develops.
Figure 10 shows the wave normal angle as a function of time for the main chorus element
(top) and the chirplet (bottom). We discriminated the ”chirplet” as wave modes with
frequencies as a function of time where the frequency was greater than than fdivide (t) =
(1300.0−700.0)/0.15∗(t−0.1)+600.0 Hz where t is in seconds. The intensity corresponds to
the instantaneous wave energy density. Van Allen Probe A is slightly below the equatorial
plane (as determined by it’s GSM coordinates), which is the most likely source region and
therefore we expect wave-normal angles to be anti-parallel to the magnetic field, which is
what we find dominates at early times in the main chorus element and for the chirplet.
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The wave-normal angle is also quite field aligned as expected for being so close to the
source region if the wave were to be generated at parallel propagation. However, starting
with the second sub-element we find that there are some wave modes propagating in the
opposite direction, and more surprisingly the polarization vectors of many of these wave
modes are found to agree quite well with linear cold plasma theory. As was the case
with the frequency, we find that within sub-elements the wave normal angle is changing
continuously whereas across the boundary the change is discrete. Figure 11 shows the
azimuthal angle (angle around the magnetic field) of the k vector (despun) and we find this
angle to be continuously changing within sub-elements but discretely changing between
sub-elements. We also find that the chirplet and the main chorus element have similar
azimuthal angles. The fact that both the wave-normal angle and the azimuthal angle are
changing continuously implies that the chorus phenomenon is three-dimensional and that
3D simulations may be necessary to quantitatively explain the nonlinear dynamics.
Figure 12 shows the comparison to cold plasma theory. In the top panel, we plot
p
√
|bv |2 + |bw |2 / 2 vs time which comparison the magnitude of the predicted components
of Bv , Bw with cold plasma theory based on the measurement of Bu . In the bottom panel,
we plot the average of the phase difference between the predicted Bv and Bw components.
Note that the phase difference, in general, is larger than the magnitude difference. We see
in this plot that the initial portion of the element (up to the second sub-element) is well
described by a single plane wave that is almost parallel propagating and is a perturbation
of a cold linear plasma wave. These are the assumptions used in the theory of Omura
et al. [2008], thus one would expect good agreement with the predictions of his theory.
The simplest test of this theory is to compare the measured chirp rate, with the prediction.
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This has been done by previous authors [Cully et al., 2011; Menietti et al., 2013] Here we
use equation (50) of Omura et al. [2008] which gives,
∂ω
δ V⊥0 ω
= 0.4
∂t
γξ c Ωe



VR
1−
Vg

−2

Bw 2
Ω
B0 e

(19)

p
where δ 2 = 1 − ω 2 /(c2 k 2 ), γ = 1/ 1 − v 2 /c2 is the relativistic factor and not the growth
2
rate , ξ 2 = ω(Ωe − ω)/ωpe
, and
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2
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Ωe
−1
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and Bw is the wave amplitude and V⊥0 /c is the ratio of the energetic anisotropic electrons
to the speed of light. Note that, here ∂ω/∂t = 2α from our model functions. The only
quantity that is not measured in this analysis of EMFISIS data is the electron velocity.
We assume a range of energies here between 10-20 KeV. In Figure 13 we plot the chirp
rate as a function of time for the first 4 sub-elements (other sub-elements are similar to
the second through third sub-element). In the fist panel we see that the chirp rate has
large oscillations that are diminishing in amplitude. We note that the period corresponds
√
to the period of electron trapping, Tt = 2π/ kv⊥ Ωw where Ωw is the electron cyclotron
frequency using the wave amplitude. If we average, over this oscillation we find that
theoretical chirp rate is in fair agreement with the measured chirp rate. We note that in
the second, third, and fourth sub-elements the chirp rate is not as close to the theoretical
rate and that in fact there are time periods with clearly negative chirp rates.

6. Discussion
In this paper we have developed a Bayesian spectral analysis technique that utilizes
all six channels of burst-mode waveform data for parameter determination. This method
allows for the straight-forward calculation of error-bars on model parameters, eliminates
c 2017 American Geophysical Union. All Rights Reserved.

the need to resort to the concept of ensemble averages, and is more applicable to the
kinds of complex frequency vs. time dynamics of many space plasma wave systems than
the common FFT methods which have their strongest theoretical grounding in stationary
signals. The computed posterior probability distribution functions may then be used to
compute a number of important properties such as the direction of the wave-vector. The
method makes no assumptions about the number of waves present in the signal and gives
a clear path for extracting the maximum information from a signal.
While this paper presented an initial application of these methods to the analysis of a
single whistler mode chorus element, the method may be obviously extended in a number
of different directions. For example, the model functions that we chose can be thought of
as a simple taylor expansion of the complex phase of the wave where we keep terms up
to second order in time (dropping the imaginary part at this order). One could imagine
easily extending this to higher order. Or proceeding in a different direction, Omura
et al. [2008] have presented an analytical theory based on particle trapping dynamics that
makes predictions for chirp rate, etc. The model functions used in this analysis could
be modified to incorporate more of the details of this particular theoretical model in a
straightforward manner. There are other theoretical models, e.g. Trakhtengerts et al.
[2007] or Soto-Chavez et al. [2012], where the same procedure of incorporating the details
into the model functions could be performed. Once we have a suite of different models
paramaterized we could then use the Bayesian framework to calculate which model has
the highest probability of describing the physics given the observations. Finally, in this
work we have focused on one single chorus element, and focused on the details, the obvious
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next step is to apply this method to many chorus elements to determine the statistical
properties of chorus.
This initial analysis has revealed many important features of chorus. The initial part
of the first sub-element of the chorus element is dominated by a single coherent plane
wave propagating more or less parallel to the background magnetic field with a frequency
that rises in time at a rate that is roughly proportional to the amplitude of the emission.
This is all in agreement with the assumptions of the theoretical model of Omura et al.
[2008]. The wave-vector, however is changing in three-dimensions implying that most
models of chorus may need to consider a three dimensional nonuniform plasma for more
quantitative predictions. Near the boundary of sub-elements the data is better described
by the superposition of multiple plane waves. The frequency makes discrete changes across
sub-elements as does the wave-vector direction. To capture this discrete change requires
three dimensions as well. Such discrete changes in frequency have also been observed in
laboratory experiments on the generation of triggered emissions by an injected electron
beam Tejero et al. [2016]. There is some evidence of wave power propagating back towards
the source region. Chorus sub-elements that occur after the first tend to be shorter in
time and the dynamics are often more accurately described as being composed of multiple
chirping plane waves.
The discrete change in frequency and wave-vector direction are reminiscent of weakturbulence processes. As a sub-element grows to sufficient amplitude, it may become
unstable to the generation of other waves through a secondary nonlinear parametric instability. This may be either a three-wave process or a nonlinear wave particle interaction
such as induced scattering. We are currently investigating theoretically such a possibility.
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If such a process is occuring in chorus then it is important to understand as it will likely
control the largest amplitude that chorus may reach, i.e. it will provide a means to saturate the nonlinear amplification mechanism. Nevertheless, the presence of multiple waves
that are observed in the data also raises another interesting theoretical question that is
how do the other waves affect the dynamics of the electrons? Can the waves reduce the
resonant island in phase space that is necessary to trap the electrons and generate the
nonlinear current? or destroy the island? In addition, how does the presence of multiple
waves with discrete frequency and wave-vector changes affect how electrons are energized
to MeV energies? These are all important questions that this initial analysis raises.
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Appendix A: Evaluating Integrals to Remove the Amplitude and Phase
To make the analytical evaluation of the integrals in equation (9) more transparent we
make a change of notation as follows,
i

f (t) =

2M
−1
X

Bni Gn (t; γn , ωn , αn )

(A1)

n=0

where comparison with equation 3 shows that for our choices Bni

= ain and

Gn (t, γn , ωn , αn ) = eγn t cos(ωn t + αn t2 ) for n = 0, ...M − 1 and Bni = bin and
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Gn (t, γn , ωn , αn ) = eγn t sin(ωn t + αn t2 ) for n = M, ...2M − 1. With this definition the
final term in equation 7 can be written as,
N −1
2M −1 2M −1
1 X i
1 X X
i
f (tj )2 =
gnm Bni Bm
N j=0
N n=0 m=0

(A2)

where,
gnm =

N
−1
X

Gn (tj )Gm (tj )

(A3)

j=0

Now, if the matrix gnm were diagonal then the integrals in equation 9 could be evaluated
by completing the square, e.g.,
Z

∞

da0 exp 2ha0 −

a20



2

Z

∞

= exp(h )

−∞

 √
da0 exp − (h − a0 )2 = π exp(h2 )

(A4)

−∞

With this insight the strategy to perform the integral is to simply diagonalize the matrix.
Thus we solve the eigenvalue problem,

P

k

gjk elk = λl elk where λl and elk are the l-th

eigenvalue and eigenvector of the matrix gjk . This allows us to compute functions that
are orthonormal on our given time grid,
2M −1
1 X
Hj (t) = p
ejk Gk (t)
λj k=0

(A5)

so that our model functions are now,
i

f (t) =

2M
−1
X

Aik Hk (t)

(A6)

k=0

and the amplitudes are related by Bki =

P2M −1
j=0

p
Aij ejk / λj .

Appendix B: Application of Bayesian Spectral Technique to Synthetic Time
Series
In this appendix we apply the Bayesian Spectral analysis technique to a synthetic time
series. To generate this time series we use linear cold plasma theory to calculate the wave
electric and magnetic field
vectors.
We choose
a density of
5.5430/cc
a magnetic
field
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of 147.461 nT. For the first wave we choose a frequency of f1 = 630 Hz, a wave-normal
angle of θ1 = 11.15◦ and wave-azimuthal angle of φ1 = 35.3◦ . With this we can calculate
the complex-valued vectors Z1 = (E1 , B1 ) using linear cold plasma theory [Stix , 1992].
For this wave we choose a chirp rate a1 = 900 Hz/s and a growth rate γ1 = 50 Hz. We
choose an amplitude scaling coefficient of A1 = 10−6 . We then choose a second wave
to have a frequency of f2 = 600 Hz, a wave-normal angle of θ2 = 61.15◦ , and a waveazimuthal angle of φ2 = 65.3◦ from which we can calculate the complex-valued vectors
Z2 = (E2 , B2 ). For this wave we choose a chirp rate a2 = 1200 Hz/s and a growth rate
γ2 = −50 Hz. We choose an amplitude scaling coefficient of A2 = 10−7 . Then we form a
time series using the formula,
dij =

X




Ak eγk tj Re(Zki ) cos 2π(fk tj + ak t2j + Im(Zki ) sin 2π(fk tj + ak t2j

(B1)

k=1,2

where tj = 35, 000j for j = 1..512, which is the same sampling rate as the EMFISIS
waveform data. Note that the FFT resolution for this time window and sampling rate
is about 68 Hz. Thus the synthetic waveforms should not be able to be seen by Fourier
analysis. To this multi-channel synthetic time series we add gaussian noise with a standard
deviation of 10−6 . A summary plot of this synthetic data is presented in Figure 14.
There is no obvious evidence of a second wave in this figure, although evidence for the
artificial noise can be seen in the electric field plot. The larger amplitude wave completely
dominates the signal. Applying the Bayesian spectral analysis technique we find γ1 =
49.92 ± 0.08 Hz, f1 = 629.98 ± 0.03 Hz, a1 = 901 ± 1 Hz/s, with a wave-normal angle
θ1 = 11◦ and a wave-azimuthal angle φ1 = 35◦ for the first wave. For the second wave we
find γ2 = −49.92 ± 4 Hz, f1 = 599.7 ± 0.4 Hz, a1 = 1240 ± 50 Hz/s, with a wave-normal
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angle θ1 = 62◦ and a wave-azimuthal angle φ1 = 65◦ . All of the estimated parameters fall
within the error bars of the actual values.

References
Artemyev, A. V., Agapitov, O. V., Mourenas, D., Krasnoselskikh, V. V., Mozer, F. S.
(2015). Wave energy budget analysis in the Earths radiation belts uncovers a missing
energy. Nature Communications, 6, 8143. http://doi.org/10.1038/ncomms8143
Bretthorst, G. L., (1988), Bayesian Spectrum Analysis and Parameter Estimation, Lecture
Notes in Statistics 48, Edited by J. Berger et al, Springer-Verlag, New York.
Cully, C M, V Angelopoulos, U Auster, J Bonnell, and O Le Contel. 2011. Observational
Evidence of the Generation Mechanism for Rising-Tone Chorus. Geophysical Research
Letters 38, L01106, doi:10.1029/2010GL045793.
Jones E, Oliphant E, Peterson P, et al. SciPy: Open Source Scientific Tools for Python,
2001-, http://www.scipy.org/ [Online; accessed 2016-03-09].
Wales, D J, and Doye J P K, Global Optimization by Basin-Hopping and the Lowest
Energy Structures of Lennard-Jones Clusters Containing up to 110 Atoms. Journal of
Physical Chemistry A, 1997, 101, 5111. doi:10.1021/jp970984n
Foreman-Mackey, D., D. W. Hogg, D. Lang, J. Goodman (2012), emcee: The MCMC
Hammer, arXiv:1202.3665 [astro-ph.IM], doi:10.1086/670067
Foreman-Mackey, D., et al. (2016), corner.py: corner.py v1.0.2, doi:10.5281/zenodo.45906
Foster, J C, P J Erickson, D N Baker, S G Claudepierre, C A Kletzing, W Kurth, G
D Reeves, et al. (2014). Prompt Energization of Relativistic and Highly Relativistic
Electrons During a Substorm Interval: Van Allen Probes Observations. Geophysical

c 2017 American Geophysical Union. All Rights Reserved.

Research Letters 41 (1): 2025. doi:10.1002/2013GL058438.
Hartley, D. P., Chen, Y., Kletzing, C. A., Denton, M. H., Kurth, W. S. (2015). Applying
the cold plasma dispersion relation to whistler mode chorus waves: EMFISIS wave
measurements from the Van Allen Probes. Journal of Geophysical Research: Space
Physics, 120(2), 11441152. http://doi.org/10.1002/2014JA020808
Hartley, D. P., Kletzing, C. A., Kurth, W. S., Bounds, S. R., Averkamp, T. F., Hospodarsky, G. B., et al. (2016). Using the cold plasma dispersion relation and whistler
mode waves to quantify the antenna sheath impedance of the Van Allen Probes
EFW instrument. Journal of Geophysical Research: Space Physics, 121(5), 45904606.
http://doi.org/10.1002/2016JA022501
Horne, R. B., Glauert, S. A., Thorne, R. M. (2003). Resonant diffusion of radiation
belt electrons by whistlermode chorus. Geophysical Research Letters, 30(9), 1493.
http://doi.org/10.1029/2003GL016963
Katoh, Y, Y Omura, and D Summers. 2008. Rapid Energization of Radiation Belt Electrons by Nonlinear Wave Trapping. Annales Geophysicae 26 (11). Copernicus GmbH:
345156. doi:10.5194/angeo-26-3451-2008.
Kletzing, C. A., et al. 2013, The Electric and Magnetic Field Instrument Suite and Integrated Science (EMFISIS) on RBSP, Space Sci. Rev., 179, 127181, doi:10.1007/s11214013-9993-6.
Kurth, W. S., De Pascuale, S., Faden, J. B., Kletzing, C. A., Hospodarsky, G. B., Thaller,
S. and Wygant, J. R. (2015), Electron densities inferred from plasma wave spectra
obtained by the Waves instrument on Van Allen Probes. J. Geophys. Res. Space Physics,
120: 904914. doi: 10.1002/2014JA020857.

c 2017 American Geophysical Union. All Rights Reserved.

Liu, S., et al. (2015), Van Allen Probes observations linking radiation belt electrons to
chorus waves during 2014 multiple storms, J. Geophys. Res. Space Physics, 120, 938948,
doi:10.1002/2014JA020781.
Menietti, J D, Y Katoh, G B Hospodarsky, and D A Gurnett. 2013. Frequency Drift
of Saturn Chorus Emission Compared to Nonlinear Theory. Journal of Geophysical
Research: Space Physics 118 (3): 98290. doi:10.1002/jgra.50165.
Meredith, N. P., Horne, R. B., Summers, D., Thorne, R. M., Iles, R. H. A., Heynderickx, D., Anderson, R. R. (2002). Evidence for acceleration of outer zone electrons
to relativistic energies by whistler mode chorus. Annales Geophysicae, 20(7), 967979.
http://doi.org/10.5194/angeo-20-967-2002
Omura, Y., Katoh, Y., and Summers, D. (2008). Theory and simulation of the generation
of whistler-mode chorus. Journal of Geophysical Research: Space Physics, 113(A4),
doi:10.1029/2007JA012622
Omura, Y., and D. Nunn (2011), Triggering process of whistler mode chorus emissions in
the magnetosphere, J. Geophys. Res., 116, A05205, doi:10.1029/2010JA016280.
Santolı́k, O., M. Parrot and F. Lefeuvre (2003), Singular value decomposition methods
for wave propagation analysis, Radio Science, 38, 1010, doi:10.1029/2000RS002523
Santolk, O, D A Gurnett, J S Pickett, M Parrot, and N Cornilleau Wehrlin. 2003. SpatioTemporal Structure of StormTime Chorus. Journal of Geophysical Research 108 (A7):
1278. doi:10.1029/2002JA009791.
Santolı́k, O., C. A. Kletzing, W. S. Kurth, G. B. Hospodarsky, and S. R. Bounds (2014),
Fine structure of large-amplitude chorus wave packets, Geophys. Res. Lett., 41, 293299,
doi:10.1002/2013GL058889.

c 2017 American Geophysical Union. All Rights Reserved.

Soto-Chavez, A R, A Bhattacharjee, and C S Ng. 2012. Chorus Wave Amplification: a
Free Electron Laser in the Earths Magnetosphere. Physics of Plasmas 19 (1): 010701.
doi:10.1063/1.3676157.
Soto-Chavez, A R, G Wang, A Bhattacharjee, G Y Fu, and H M Smith. 2014.
A Model for FallingTone Chorus. Geophysical Research Letters 41 (6):

183845.

doi:10.1002/2014GL059320.
Stix, T. H. (1992), Waves in Plasmas, Springer-Verlag, New York.
Tao, X, J Bortnik, J M Albert, R M Thorne, and W Li. 2013. The Importance of Amplitude Modulation in Nonlinear Interactions Between Electrons and Large Amplitude
Whistler Waves. Journal of Atmospheric and Solar-Terrestrial Physics 99 (C). Elsevier:
6772. doi:10.1016/j.jastp.2012.05.012.
Tejero, E. M., Crabtree, C., Blackwell, D. D., Amatucci, W. E., Ganguli, G., and
Rudakov, L. (2016). Experimental characterization of nonlinear processes of whistler
branch waves. Physics of Plasmas, 23(5), 055707. http://doi.org/10.1063/1.4946020
Thorne, R M, W Li, B Ni, Q Ma, J Bortnik, L Chen, D N Baker, et al. 2013. Rapid
Local Acceleration of Relativistic Radiation-Belt Electrons by Magnetospheric Chorus.
Nature, 504 (7480): 41114. doi:10.1038/nature12889.
Trakhtengerts, V Y, A G Demekhov, E E Titova, B V Kozelov, O Santolk, D Gurnett, and
M Parrot. 2004. Interpretation of Cluster Data on Chorus Emissions Using the Backward
Wave Oscillator Model. Physics of Plasmas 11 (4): 1345. doi:10.1063/1.1667495.
Trakhtengerts, V Y, A G Demekhov, E E Titova, B V Kozelov, O Santolk, E Macusova,
D Gurnett, J S Pickett, M J Rycroft, and D Nunn. 2007. Formation of VLF Chorus
Frequency Spectrum: Cluster Data and Comparison with the Backward Wave Oscillator

c 2017 American Geophysical Union. All Rights Reserved.

Model. Geophysical Research Letters 34 (2): L02104. doi:10.1029/2006GL027953.
Tsurutani, Bruce T, Olga P Verkhoglyadova, Gurbax S Lakhina, and Satoshi
Yagitani. 2009. Properties of Dayside Outer Zone Chorus During HILDCAA
Events: Loss of Energetic Electrons. Journal of Geophysical Research 114, A03207,
doi:10.1029/2008JA013353.
Turner, D L, V Angelopoulos, W Li, M D Hartinger, M Usanova, I R Mann, J Bortnik, and Y Shprits. 2013. On the StormTime Evolution of Relativistic Electron Phase
Space Density in Earth’s Outer Radiation Belt. Journal of Geophysical Research: Space
Physics 118 (5): 21962212. doi:10.1002/jgra.50151.
Wygant, J R, J W Bonnell, K Goetz, R E Ergun, F S Mozer, S D Bale, M Ludlam, et al. 2013. The Electric Field and Waves Instruments on the Radiation Belt
Storm Probes Mission. Space Science Reviews 179 (1-4). Springer Netherlands: 183220.
doi:10.1007/s11214-013-0013-7.

c 2017 American Geophysical Union. All Rights Reserved.

Num. Waves γ (1/s)
f (Hz)
a (Hz/s)
WNA (Deg) Az (Deg) W 10−12 (ergs)
1
47 ± 1
680.8 ± 0.9 9.5e+2 ± 6e+1
166
42
0.23 - 0.9
2
45.2 ± 0.7 678.3 ± 0.5 1.10e+3 ± 3e+1
166
43
0.24 - 0.9
-78 ± 2
1224 ± 1
3.3e+3 ± 1e+2
131
43
0.12 - 0.013
3
43.2 ± 0.4 678.5 ± 0.3 1.11e+3 ± 2e+1
166
42
0.25 - 0.87
-27 ± 2 1244.4 ± 0.9 1.21e+3 ± 9e+1
133
45
0.091 - 0.042
215 ± 5
977 ± 5
1.06e+4 ± 2e+2
152
58
0.00016 - 0.087
4
39.0 ± 0.5 678.3 ± 0.3 1.13e+3 ± 2e+1
165
43
0.26 - 0.81
-25 ± 1 1244.8 ± 0.7 1.19e+3 ± 6e+1
133
45
0.09 - 0.043
209 ± 4
970 ± 3
1.09e+4 ± 1e+2
151
57
0.00019 - 0.085
4 ± 1e+1
506 ± 5
5.6e+3 ± 4e+2
179
17
0.0013 - 0.0015
5
39.4 ± 0.3 679.2 ± 0.2 1.06e+3 ± 1e+1
166
43
0.26 - 0.82
-108 ± 3
1233 ± 2
2.5e+3 ± 1e+2
133
42
0.26 - 0.011
128 ± 3
988 ± 2
9.2e+3 ± 1e+2
150
99
0.00046 - 0.019
-15 ± 6
500 ± 3
6.3e+3 ± 3e+2
179
45
0.0018 - 0.0012
-252 ± 6
1257 ± 3 -1.26e+4 ± 2e+2
131
29
0.055 - 3.5e-05
Table 1. Wave parameters determined by assuming a different number of waves are present
in the same time period.
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# Waves hσB2 u i (nT2 ) hσB2 v i (nT2 ) hσB2 w i (nT2 ) hσE2 u i (V2 /m2 ) hσE2 v i (V2 /m2 ) hσE2 w i (V2 /m2 )
1
0.0029
0.00043
0.0026
7.4e-08
1e-06
2.1e-07
2
0.00043
0.00019
0.0004
2.6e-08
1.2e-07
2.1e-07
3
5.9e-05
9.6e-05
0.0001
1.5e-08
3.3e-08
2.1e-07
4
3.1e-05
5.5e-05
3.5e-05
8.8e-09
2.5e-08
2.1e-07
5
8.1e-06
3.6e-05
1.1e-05
4.9e-09
2e-08
2.1e-07
Table 2. Noise variance of each channel assuming different number of waves are present in
the same time period.
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Num. Waves (S/N )Bu (S/N )Bv (S/N )Bw (S/N )Eu (S/N )Ev (S/N )Ew
1
2.4
5.5
3.2
4.9
1.8
0.58
2
6.7
8.3
8.4
8.4
5.9
0.59
3
18
12
17
11
11
0.6
4
25
16
29
15
13
0.6
5
49
19
51
19
15
0.61
Table 3. Signal to noise ratio in each channel assuming different number of waves are present
in the same time period.
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N. Waves bv Mag, Ph ◦
1
1, -0.546
2
1, -0.522
0.959, 11.4
3
1, -0.524
0.988, 11.1
0.997, -0.532
4
1, -0.521
0.988, 11.2
0.998, -0.347
1, -0.033
5
1, -0.567
0.98, 9.67
0.936, -4.95
0.994, -0.478
0.997, 2.66
Table 4. Comparison

bw Mag, Ph ◦ eu Mag, Ph ◦ ev Mag, Ph ◦ ew Mag, Ph ◦
0.922, -1.58
0.575, -3.42
0.568, 2.91
0.073, 58.9
0.925, -1.65
0.575, -3.42
0.575, 2.49
0.073, 59.2
0.847, 6.79
0.301, -18.1
0.487, 11.4
0.0187, 78.9
0.922, -1.58
0.575, -3.38
0.572, 2.71
0.0726, 59
0.846, 7.17
0.297, -14.4
0.487, 11.4
0.025, 83.1
0.823, 1.7
0.354, 3
0.579, 7.78
0.0686, 62.2
0.922, -1.58
0.574, -3.39
0.571, 2.73
0.0732, 58.3
0.847, 7.29
0.299, -14.3
0.487, 11.5
0.0252, 83.7
0.826, 1.91
0.354, 3
0.58, 7.97
0.069, 63.5
0.998, -0.302 0.697, -0.00797 0.704, -1.51
0.0755, 169
0.922, -1.35
0.566, -2.85
0.57, 2.88
0.071, 61.5
0.869, 5.99
0.332, -16.4
0.499, 10.2
0.0285, 82.4
0.849, -0.15
0.358, 17.4
0.537, -0.675 0.0882, 54.7
0.975, 0.653
0.697, 14.9
0.702, 6.75
0.14, 84.7
0.971, 1.7
0.51, -17
0.529, 5.34
0.0498, 70
to predictions of cold plasma theory assuming a different number of

waves are present in the same time period.
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Figure 1.

Log of the of the power spectrum versus time computed via the Fourier transform

of the Bu component of burst-mode EMFISIS data. Data is taken from the storm time period
on 14 October 2012. The box indicates the individual chorus element examined in detail in this
paper.

c 2017 American Geophysical Union. All Rights Reserved.

Form	
  Likelihood	
   (Section	
  3.1):
𝑃(𝐷|𝑀, 𝐴, ϕ,σ)
• Assume	
   noise	
  is	
  Gaussian	
   σ
• Form	
  model	
  with	
  parameters	
  M,	
  amplitudes	
   A,	
  and	
  phases	
  ϕ
• Noise	
  is	
  difference	
  between	
  model	
   and	
  data	
  D
Use	
  Bayes	
  Rule	
  (Section	
  3.2):	
  
𝑃 𝑀, 𝐴, ϕ, 𝐷, σ =
•

,(-,.),(/|0,-,.)
,(/)

Assume	
   Uniform	
  prior	
  for	
  amplitude	
  and	
  phase
Integrate	
  over	
  Amplitude	
  and	
  Phase:
𝑃 𝑀 𝐷, 𝜎 = ∫ 𝑃 𝑀, 𝐴, 𝜙 𝐷, 𝜎 	
  𝑑𝐴	
  𝑑ϕ
• Change	
  variables	
  to	
  make	
  integral	
  orthonormal	
   on	
  discrete	
  
time	
  grid.
• Perform	
  integral	
  analytically	
  with	
  numerical	
  parameters	
  of	
  
coordinate	
  transformation.

Use	
  Bayes	
  Rule	
  (Section	
  3.3):
,(4),(/|0,4)
𝑃 𝑀, 𝜎 𝐷 =
,(/)

•

Assume	
   Jeffrey’s	
   prior	
  for	
  noise	
   variance.
Integrate	
  over	
  Noise	
  Variance
𝑃 𝑀 𝐷 = ∫ 𝑃 𝑀, 𝜎 𝐷 𝑑𝜎
• Change	
  variables	
  to	
  make	
  integral	
  orthonormal	
   on	
  discrete	
  
time	
  grid.
• Perform	
  integral	
  analytically	
  with	
  numerical	
  parameters	
  of	
  
coordinate	
  transformation.

Figure 2. Block diagram for procedure to derive posterior probability distribution.
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(top) Magnetic field components in the spinning frame. (middle) Electric field

components in the spinning frame. (bottom) Periodogram of all six channels of data.
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Figure 4. Projections of the probability distribution function for a single wave.
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Visualization of original data minus one wave fit to the data. (top) Residual

magnetic field components in the spinning frame. (middle) Residual electric field components in
the spinning frame. (bottom) Residual periodogram of all six channels of data.
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Visualization of original data minus two waves fit to the data. (top) Residual

magnetic field components in the spinning frame. (middle) Residual electric field components in
the spinning frame. (bottom) Residual periodogram of all six channels of data.
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Figure 7.

(top) Log of the of the power spectrum versus time computed via the Fourier

transform of the Bu component of burst-mode EMFISIS data. (bottom) Time series of the BU
component of the magnetic field. Grey vertical lines correspond to our determination of the
boundaries of the sub-elements. These times correspond to t=0.230, 0.264, 0.274, 0.294, 0.311,
0.326, 0.343, 0.361, and 0.371 seconds.
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Figure 8. (top) Number of waves found in each time window. (bottom) RMS amplitude as function
of time (left) of the magnetic field fluctuations and (right) electric field fluctuations.
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Frequency vs time for the waves with the four largest wave energy densities. For

each time window the chirp rate is used to predict the instantaneous frequency over the window.
The more intense the color the larger the energy density. The computed growth rate is used to
determine the intensity within a window.
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Figure 10. Wave normal angle vs time. (top) Wave normal angles from main chorus element.
(bottom) Wave normal angles from ”chirplet” at higher frequency.
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Azimuthal Angle vs time. (top) Azimuthal angles from main chorus element.

(bottom) Azimuthal angles from ”chirplet”.
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Figure 12. Comparison of wave polarizations with linear cold plasma theory. (top) Comparison
p
√
of magnitude defined as |bv |2 + |bw |2 / 2. (bottom) Comparison of average phase difference of
bv and bw .
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Figure 13. Chirp rate in first four sub-elements compared with the analytical theory of Omura
et al. [2008].
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Figure 14.

Synthetic waveform data. (top) Magnetic field time series. (middle) Electric field

time series. (bottom) Periodogram of all channels.
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